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9.1�mS��.�Ä�A5
d�G�ÅCþx1, x2, x3, · · ·�¤�S�§^xt(t =
1, 2, 3, · · · )½{xt}L«"XJeIt´�êCþ§§�LX
�m����O�þ§X1t�!1tU!1tg�§·�Ò
¡ù«�ÅS���mS�§
�êCþt=@�´�,�
�"
éu�mS�{xt}§XJäkknÌ�Ý§K�@�´�
5½~XÚ3xD(εt�^e�ÑÑS�"TXÚ�lÑ
D4¼ê�

G(z−1) =
1− θ1z

−1 − · · · − θmz−m

1− ϕ1z−1 − · · · − ϕnz−n
=

θ(z−1)

ϕ(z−1)
(1)

ª¥z−1���£ �f§þª���©�§�/ª

xt− ϕ1xt−1− · · · − ϕnxt−n = εt− θ1εt−1− · · · − θmεt−m (2)

þª¡�ARMA(n, m)�."þªÚª(??)3/ªþ´�
��§�´P{þk«O§ØÓ�Æ�k�g�S.^
{"�Ù^B5L«�£�f§ù�c¡^z−1L«k¤«
O"
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ÄkïÄ²­�mS��ï�¯K"lXÚ�*:
w§ϕ(z)��´XÚ�4:§�
�yXÚ´­½�§4
:7L3ü �S§
�
�yXÚ´��� �§�I
�XÚ�":�3ü �S"
1.��¼ê
��¼ê^ÎÒGjL«§§rxtL«¤εt9Ù± �εi�
�5|Ü§L�ª�

xt =

∞∑
j=0

Gjεt−j (3)

Ù¥§εt ∼ N(0, σ2
ε)�ÕáÓ©Ù���xD(S

�¶G0 = 1§Gj���¼ê"
-xt−1 = Bxt§B��£�f§Kþª�

xt =

 ∞∑
j=0

GjB
j

 εt (4)
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��§XJARMA�.®�§K���Ø{������
¼ê��"=

xt = θ(B)
ϕ(B)εt

= (1 + G1B + G2B
2 + · · · )εt

(5)

��¼ê�Ôn¿Âk�«)º"Äk§lÐmªw
Ñ§Gj´j��mü ±c\\XÚ�ÀÂ½6Äεt−jé
y3�A��­"Ùg§��¼êL«
XÚéεt−jkõ
��PÁ§½öXÚéεt�Ä��AP~�¯ú"�XÚ
�Ñ\±ü óÀδi��εi�§k

xt =

∞∑
j=0

Gjδt−j = Gt (6)

��§GjÒ´ü óÀ�A¼ê"
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~9.1 ¦AR(1)�.���¼ê

xt − ϕ1xt−1 = εt (7)

|^�£�f§Kþª��xt − ϕ1Bx1 = εt,

xt = 1
1−ϕ1B

εt = (1 + ϕ1B + ϕ2
1B

2 + · · · )εt

=
∞∑

j=0
ϕj

1εt−j =
∞∑

j=0
Gjεt−j

(8)

ª¥Gj = ϕj
1§=AR(1)�.���¼ê"
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~9.2 ¦ARMA(1, 1)�.���¼ê

xt = ϕ1xt−1 + εt − θ1εt−1 (9)

|^�Ø{§Kþª�

xt = 1−θ1B
1−ϕ1B

εt

= 1 + (ϕ1 − θ1)B + (ϕ1 − θ1)ϕ1B
2 + (ϕ1 − θ1)ϕ

2
1B

3 + · · ·
=

∞∑
j=1

(ϕ1 − θ1)ϕ
j−1
1 εt−j + εt =

∞∑
j=0

Gjεt−j

(10)
¤±§ARMA(1, 1)�.���¼ê�

Gj =

{
(ϕ1 − θ1)ϕ

j−1
1 j ≥ 1

1 j = 0
(11)
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2._¼ê
��¼êL«
XÚéQ �εt�PÁ½Ä�§=L
²εt´N�K�X�Axt�"
ARMAXÚ�Ä���±ÏLòxtL«�Q �xt��5
|Ü"ù«Ðmª¥�Xê¡�_¼ê§P�Ij"

xt =

∞∑
j=1

Ijxt−j + εt (12)

½

εt = xt −
∞∑

j=1
Ijxt−j

= (1− I1B − I2B
2 − · · · )xt =

∞∑
j=0

(−Ij)B
jxt

=
∞∑

j=0
(−Ij)xt−j, (I0 = −1)

(13)
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~9.3 ¦AR(1)�.�_¼ê
dxt = ϕ1xt−1 + εt§=εt = xt− ϕ1xt−1§�â_¼ê�½Â
�I1 = ϕ1, Ij = 0, j > 1"
~9.4 ¦MA(1)�.�_¼ê
dxt = εt − θ1εt−1§=xt = (1− θ1B)εt§�

εt =
1

1− θ1B
xt = (1 + θ1B + θ2

1B
2 + · · · )xt (14)

¤±§_¼ê�Ij = −θj
1.
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3.g�'¼ê
��¼êÚ_¼ê´lXÚ��Ý5L�ARMA�.
�"^ÚO��{ïáå5�g�'¼ê§Ó���L
�ARMA�."
½Â9.1 xt��ò�k�g���½Â�

rk = E{xtxt−k} (15)

Ù¥xt, xt−k´~�²þ����"�k = 0�§=��xt�
��"^rkØ±��r0B���òk��g�'¼ê"

ρk = rk/r0 (16)

5¿ρ0 = 1"rk½ρkL«xtÚxt−k�m��'5§rk, ρkq¡
�nØg���¼êÚnØg�'¼ê"����mS�
�����§Ò�±¦Ñg�'¼ê��O�"
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½Â9.2 ²­S����g���¼ê�

r̂k =
1

N − k

N∑
t=k+1

xtxt−k, k = 0, 1, 2, · · · , p (17)

Ù¥xt´~�þ�±��*ÿêâ"
½Â9.3 ²­S����g�'¼ê�

ρ̂k = r̂k/r̂0 (18)

g���¼ê�±^�����*ÿêâ5�O§
ÃI
���.§ù´���¼ê½_¼êØÓ�"

��g�'¼êρ̂k´énØg�'¼êρk�é�����
O"|^��g�'¼êρ̂k?1ï�§ÙØ�´é��§
§�U��¦ëêÐ©���«�{"
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~9.5 ¦�.MA(m)�g�'¼ê

xt = εt − θ1εt−1 − · · · − θmεt−m (19)

�âg���¼ê�½Â§K

rk = E{xtxt−k}
= E{(εt − θ1εt−1 − · · · − θmεt−m)(εt−k − θ1εt−k−1 − · · · − θmεt−k−m)}

(20)
Ï�{εt}�Ø�'�ÅS�§-Ù���σ2

ε§Kdª(20)�
��

rk =

 (1 + θ2
1 + θ2

2 + · · · + θ2
m)σ2

ε k = 0
(−θk + θ1θk+1 + θ2θk+2 + · · · + θmθm−k)σ

2
ε k ≤ m

0 k > m
(21)
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MA(m)S��g�'¼ê�

ρk =


1 k = 0
−θk+θ1θk+1+θ2θk+2+···+θmθm−k

1+θ2
1+θ2

2+···+θ2
m

k ≤ m

0 k > m
(22)

¤±�k > m�§rk = 0, ρk = 0§ùL²S�
�MA(m)�§g���¼êÚg�'¼ê´���"
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4. g�'¼ê
é²­S�
ó§Ùg�'¼ê���5´MA(m)S�¤
Ak�§éARÚARMA�.%´ö��"y3§Ú\ g
�'¼ê�Vg§|^§��ÑAR S�äk��5�§
/±(½�.��g"
�{xt}´ ? Ø � � Å � m S � § � Ä
^xt−1, xt−2, · · · , xt−n��5|Ü§éxt������O(ý
�)"=ÀJXêϕk1, ϕk2, · · · , ϕkk§¦�eª�4��

J = E

{
xt −

k∑
j=1

ϕkjxt−j

}2

= r0

(
ρ0 − 2

k∑
j=1

ϕkjρj +
k∑

i,j=1
ϕkjϕkjρj−i

) (23)

©Oéϕkj(j = 1, 2, · · · , k)¦ �ê ∂J
∂ϕkj
§¿-Ù�"§=

��ϕkjA÷v��§(Ï~¡�Yule–Walker�§)Xe
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 ρ0 ρ1 ρ2 · · · ρk−1
ρ1 ρ0 ρ1 · · · ρk−2
... ...

ρk−1 ρk−2 ρk−3 · · · ρ0


 ϕk1

ϕk2
· · ·
ϕkk

 =

 ρ1
ρ2
· · ·
ρk

 (24)

·�¡S�ϕkk(k ≥ 1)�{xt}� g�'¼ê"þª�>
�XêÝ
¡�ToeplitzÝ
"®�g�'¼ê�§|^
ª(24)=�¦�{xt}� g�'¼êϕkk(k ≥ 1)"

éuAR(n)S�§�.�xt =
n∑

j=1
ϕjxt−j + εt§�\ª(23)¥

J = E


n∑

j=1

ϕjxt−j + εt −
k∑

j=1

ϕkjxt−j


2

(25)
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ek ≥ n§Kþª�U��

J = E

{
n∑

j=1
(ϕj − ϕkj)xt−j + εt −

k∑
j=n+1

ϕkjxt−j

}2

= σ2
ε + E

{
n∑

j=1
(ϕj − ϕkj)xt−j −

k∑
j=n+1

ϕkjxt−j

}2 (26)

þª¥§�j > 0�§E{εtxt−j} = 0"�¦J�4��§w
,k

ϕkj =

{
ϕj 1 ≤ j ≤ n,
0 n + 1 ≤ j ≤ k, k > n (27)

ùÒ´`§AR(n)S�� g�'¼êϕkk3k > n±��
�"§=AR(n)� g�'¼êäk/��0A5"�±
y²µ g�'¼ênÚ���5�´AR(n) �.¤Ak
�§
MA(m)ÚARMA(n,m)�.ÑØäkù«A5§¤
±�^§5�OS�´Ä�AR(n)S�§¿(½�.��
gn"
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9.2�mS�ï�
�mS�ï�Ì�kBox–Jenkins�{§�â��g�'¼
êÚ g�'¼ê�ÚOA55½�"=e��g�'¼
êρ̂k3k > m����§K�äS�{xt}�MA(m)�.¶
e�� g�'¼êϕ̂kk3k > n����§K�äS�
�AR(n)�.§�üöÑØ��
¥yö�A5�§K�
äÙ�ARMA�."�g(n, m)|^¡Þ{d$��p�
?1[Ü§ÏL�.u�§l
(½�·Ü��."��
g(n, m)�p�§^T{ï��ó�þ´����"
�'©Û´Box–Jenkins�{¥?1�.£O�Ì�Ãã"
ÄkO�S����g�'¼êρ̂kÚ g�'¼êϕ̂kk§
,�dÚOu��{�½ρ̂k9ϕ̂kk���5!ö�5Ú�'
5§±ÀJÜ·��.a.é{xt}?1[Ü"ÚOu��
{8(�µ
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ϕ̂kk ∼ N

(
0,

1

N

)
k > n (28)

ρ̂k ∼ N

(
0,

1

N

[
1 + 2

m∑
i=1

ρ2
i

])
k > m (29)

Ù ¥N� � � S � � Ý §n�AR(n)� . � �
g§m�MA(m)�.��g"Ïd§ϕ̂kk�"�95%�
&«m� [

−1.96√
N

,
1.96√

N

]
(30)

�ϕ̂kk��?\d«m�§K@�Ù��""
duBox–Jenkinsï��{�O�ó�'��¡§PanditÚ
Çpµ(Wu.S.M)3dÄ:þ§JÑ
�«§Sz�Ä�ê
âXÚ(Dynamic data system)ï��{§{¡�DDS�{"
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Pandit–Wu� { � ü Ñ ´ æ ^ARMA(n, n −
1){ §nd $ � � p � ? 1 ï � " ~
X§AR(1), ARMA(2, 1), ARMA(3, 2), ARMA(4, 3), · · ·�n½
e�§m = n − 1�=½e"Ïd§r�5���
�(n,m)|¢z���(n, n − 1)|¢¯K"zï�g
�§I­#O�í�²�Ú§XJ�¡�í�²�Ú
'cökwÍ�~�§KUY�p�ï�"�í�²
�Ú��Ø��§Ò^cö($�)��."dFu�{é
í�²�Ú?1�½"{
ó�§ï�üÑÒ´ÏLO
\ARMA(n, n− 1)�g5�Ð/[Üêâ§�âí�²�
Ú´ÄwÍ~�5�ä�.��g"ù«�{'¡Þ{²
wJp
ï���Ç"
¢�L²µzÚ¦nO\2�Ð§=Un = 1, 2, · · ·[
ÜARMA(2n, 2n − 1)�.§K¬±�¯��Ýé�Ü·
��."Äk§lXÚ�Ôn�µ5w§ARMA(2, 1)�
.��g��þ!æ��1�gdÝ���¨�¬¨{
ZXÚ§dXÚd���©�§(½¿É�xD(-
y"aq/§2�gdÝ�XÚd4��©�§¤(½§
éÙþ!æ��K����ARMA(4, 3)�."ù�§O
\1�gdÝ�ug£8Ü©��g\2"u´§æ^n =
1, 2, · · ·�ARMA(2n, 2n − 1)�g[ÜXÚ´Ün�§Ù
¥n�±@�´gdÝ"
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DDS�{ï�Ú½Xeµ
(1) lARMA(2, 1)� . m © § ±2� Ú � § ï
áARMA(2n, 2n− 1)�."
(2) z�nO\�§^Fu�{u�ARMA(2n, 2n −
1)�ARMA(2n + 2, 2n + 1)�.í�²�Ú��É§XJ
3�½�wÍ5Y²�eí�²�Ú�eüØwÍ§Ò-
�gÊ�O\§ÀJARMA(2n, 2n − 1)�¤���.¶Ä
K§ÒO\�g§éARMA(2n+2, 2n+1)�.�g?1Ó
��Ú½"
(3) dFu�{���$��.ARMA(2n, 2n− 1)Ø�½´
�{��§��±u�Ùëêϕ2n9θ2n−1��&«m´Ä
�¹""XJ´§K?�Ú©Ûg£8Ü©½wÄ²þÜ
©��g´Äkü$��U"
(4) ��§k7�éARMA�.�·^52?1u�§=
?1í�εt�Õá5u�"
7L�Ñ§Çpµ@�3[Ü�.�c§�±Øé�©�
mS���©½öG!�©�ý?n§
´�â�.A�
õ�ª��Ò�±£OS��ª³Ú±Ï5§?
Ün/
U?�."
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