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XÚ�"�^´Û¹�"~X<Né�Ô��A½�Ô��^Å
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I.XÚµ {
a(z)y(k) = b(z)u(k) + r(z)ε(k)
e(z)u(k) = f(z)y(k)

(1)

II.XÚµ{
(a(z)f(z) + l(z)f(z))y(k) = (b(z)f(z) + l(z)e(z))u(k) + r(z)f(z)ε(k)

e(z)u(k) = f(z)y(k)
(2)

Ù¥l(z)�?¿õ�ª§�Àl(z)§¦I.XÚÚII.XÚ��gØ��"
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ù´Ï�§lü�XÚ�Ñ\ÑÑA5wÑ

I :

[
a− b · f

e

]
y(k) = rε(k) (3)

II :

[
a∗ − b∗ · f

e

]
y(k) = r∗ε(k) (4)

Ù¥
b∗

a∗
=

bf + le

af + lf
,

r∗

a∗
=

rf

af + lf

I, IIXÚäk�Ó�Ñ\ÑÑ'Xy/ε§=¦e, f®�§EØU��(
½a(z), b(z), r(z).
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2.���¹e§4�XÚëê�ØUE£

~8.2 �Ä4�XÚ���é�Ú��ì�§�{
y(k) + ay(k − 1) = bu(k − 1) + ε(k)

u(k) = f0y(k)
(5)

¦a, b����¦�O�"
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2.���¹e§4�XÚëê�ØUE£

~8.2 �Ä4�XÚ���é�Ú��ì�§�{
y(k) + ay(k − 1) = bu(k − 1) + ε(k)

u(k) = f0y(k)
(5)

¦a, b����¦�O�"
OK¼ê����¦OK¼ê

J(a, b) =
N−1∑
k=0

[y(k + 1) + ay(k)− bu(k)]2 (6)

±−αu(k) + αf0y(k) = 0�\§�

J(a, b) =
N−1∑
k=0

[y(k + 1) + ay(k)− bu(k)− αu(k) + αf0y(k)]2

=
N−1∑
k=0

[y(k + 1) + (a + αf0)y(k)− (b + α)u(k)]2

= J(a + αf0, b + α)

http://www.nudt.edu.cn
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�±wÑ§ØÓëê(a, b), (a+αf0, b+α), α?¿§äk�Ó��I�¼"
u´§ëê��O�ÒÑye¡�(J{

â = a + αf0

b̂ = b + α

�,�)�a+αf0, b+α§=¦f0®�§��´¦ØÑa, b"w,§c�Ï
��m�D4¼ê�Ø��(�£ã§XÚ�.�ëê´Ø�E£�"
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�±wÑ§ØÓëê(a, b), (a+αf0, b+α), α?¿§äk�Ó��I�¼"
u´§ëê��O�ÒÑye¡�(J{

â = a + αf0

b̂ = b + α

�,�)�a+αf0, b+α§=¦f0®�§��´¦ØÑa, b"w,§c�Ï
��m�D4¼ê�Ø��(�£ã§XÚ�.�ëê´Ø�E£�"

�´§XJu(k) = f0y(k − 1)§KXÚC¤�E£�"d��OK¼ê�

J(a, b) =
N−1∑
k=0

[y(k + 1) + ay(k) + αf0y(k − 1)− (b + α)u(k)]2 (7)

d���¦{)�a, αf0, b + α§l
)�ëêa, b"ù�§c�Ï��m
�D4¼êÒU���(�£ã"
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8.24�XÚ�m�E£{��E£5^�
½n8.1 üÑ\üÑÑXÚ4��E£�¿©^�´µ
�"Ï���≥c�Ï���
y²µ
XÚ���é��

a(z)y(k) = b(z)u(k) + r(z)ε(k) (8)

Ù¥
a(z) = 1 + a1z

−1 + · · ·+ anz
−n

b(z) = b1z
−1 + · · ·+ bnz

−n

r(z) = 1 + r1z
−1 + · · ·+ rnz

−n

�"��ì�
e(z)u(k) = f(z)y(k) (9)

Ù¥
e(z) = 1 + e1z

−1 + · · ·+ enz
−m

f(z) = f0 + f1z
−1 + · · ·+ fnz

−m

(m ≥ n)§�e(z), f(z)ÃúÏf"
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K4�XÚ�
p(z)y(k) = q(z)ε(k) (10)

Ù¥

p(z) = e(z)a(z)− f(z)b(z) = 1 + p1z
−1 + · · ·+ pn+mz−(n+m)

q(z) = e(z)r(z) = 1 + q1z
−1 + · · ·+ qn+mz−(n+m) (11)

p(z), q(z)ÃúÏf"d4�XÚ�Ñ\ÑÑêâ§E£��4�XÚ�
�5�©�§§=p(z), q(z)���p̂(z), q̂(z)�

p̂(z) = 1 + p̂1z
−1 + · · ·+ p̂n+mz−(n+m)

q̂(z) = 1 + q̂1z
−1 + · · ·+ q̂n+mz−(n+m) (12)
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,��¡µdª(11)��

p̂(z) = e(z)â(z)− f̂(z)b(z)

= 1 + (e1 + â1 − f0b̂1)z
−1 + · · ·

q̂(z) = e(z)r̂(z)
= 1 + (e1 + r̂1)z

−1 + (e1r̂1 + e2 + r̂2)z
−2 + · · ·

(13)

'�ª(12)Úª(13)§Óg���"
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,��¡µdª(11)��

p̂(z) = e(z)â(z)− f̂(z)b(z)

= 1 + (e1 + â1 − f0b̂1)z
−1 + · · ·

q̂(z) = e(z)r̂(z)
= 1 + (e1 + r̂1)z

−1 + (e1r̂1 + e2 + r̂2)z
−2 + · · ·

(13)

'�ª(12)Úª(13)§Óg���"
éuq̂(z)�Óg���§kXe�§|

1 0 · · · 0
e1 1 0
... ... ...

en−1 . . . e1 1




r̂1
...
...
r̂n

 =


q̂1 − e1

...

...
q̂n − en

 (14)

http://www.nudt.edu.cn
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éup̂(z),

1 0 · · · 0 f0 0 0

e1 1 ... 0 f1 f0 0
... ... ... ... ... ...

en−1 . . . e1 1 fn−1 . . . f1 f0
... e1

... f1

em
... fm

...
0 ... 0 ...
0 . . . em 0 . . . fm





â1
...
...

ân

−b̂1
...
...

−b̂n


=



p̂1 − e1
...
...

p̂m − em

p̂m+1
...
...

p̂n+m


(15)

þªP�
F(n+m)×2nθ̂

∗ = P̂ (16)

Ù¥F�õ�ªe(z)Úf(z)�SylversterÝ
"
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�m ≥ n�§F���2n§´÷��§u´���ª(16)����¦)�

θ̂∗ = (F TF )−1F T P̂ (17)

Ïd§�m ≥ n�§r(z), a(z), b(z)���(½§XÚUE£"=��"
Ï���ê�uc�Ï���ê�§�ÏLþã�{kE£4�XÚ�
D4¼ê§,�m�/)�c�Ï��ëê"ù«�{¡�4�XÚ�
m�E£{"
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�m ≥ n�§F���2n§´÷��§u´���ª(16)����¦)�

θ̂∗ = (F TF )−1F T P̂ (17)

Ïd§�m ≥ n�§r(z), a(z), b(z)���(½§XÚUE£"=��"
Ï���ê�uc�Ï���ê�§�ÏLþã�{kE£4�XÚ�
D4¼ê§,�m�/)�c�Ï��ëê"ù«�{¡�4�XÚ�
m�E£{"
��"Ï���ê�$�§Ø÷vm ≥ n�^�§�æ�Xe��µ
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�m ≥ n�§F���2n§´÷��§u´���ª(16)����¦)�

θ̂∗ = (F TF )−1F T P̂ (17)

Ïd§�m ≥ n�§r(z), a(z), b(z)���(½§XÚUE£"=��"
Ï���ê�uc�Ï���ê�§�ÏLþã�{kE£4�XÚ�
D4¼ê§,�m�/)�c�Ï��ëê"ù«�{¡�4�XÚ�
m�E£{"
��"Ï���ê�$�§Ø÷vm ≥ n�^�§�æ�Xe��µ
1.3�"Ï�þ\ò´"

d ≥ na − nf − d1 + p (18)

ª¥d��"Ï���ò§na�c�Ï���g§nf��"Ï���
g§d1�c�Ï���ò§p�p(z)Úa(z)�úÏf�ê"�d��5
¿4�XÚ�­½5"
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�m ≥ n�§F���2n§´÷��§u´���ª(16)����¦)�

θ̂∗ = (F TF )−1F T P̂ (17)

Ïd§�m ≥ n�§r(z), a(z), b(z)���(½§XÚUE£"=��"
Ï���ê�uc�Ï���ê�§�ÏLþã�{kE£4�XÚ�
D4¼ê§,�m�/)�c�Ï��ëê"ù«�{¡�4�XÚ�
m�E£{"
��"Ï���ê�$�§Ø÷vm ≥ n�^�§�æ�Xe��µ
1.3�"Ï�þ\ò´"

d ≥ na − nf − d1 + p (18)

ª¥d��"Ï���ò§na�c�Ï���g§nf��"Ï���
g§d1�c�Ï���ò§p�p(z)Úa(z)�úÏf�ê"�d��5
¿4�XÚ�­½5"
2.�"Ï�þ^����5½�C�N!ì"
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�m ≥ n�§F���2n§´÷��§u´���ª(16)����¦)�

θ̂∗ = (F TF )−1F T P̂ (17)

Ïd§�m ≥ n�§r(z), a(z), b(z)���(½§XÚUE£"=��"
Ï���ê�uc�Ï���ê�§�ÏLþã�{kE£4�XÚ�
D4¼ê§,�m�/)�c�Ï��ëê"ù«�{¡�4�XÚ�
m�E£{"
��"Ï���ê�$�§Ø÷vm ≥ n�^�§�æ�Xe��µ
1.3�"Ï�þ\ò´"

d ≥ na − nf − d1 + p (18)

ª¥d��"Ï���ò§na�c�Ï���g§nf��"Ï���
g§d1�c�Ï���ò§p�p(z)Úa(z)�úÏf�ê"�d��5
¿4�XÚ�­½5"
2.�"Ï�þ^����5½�C�N!ì"
3.�"Ï�þ�N!ìU3A«ØÓN!5Æ�m��"
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8.34�XÚ���E£{
1.ªÇA5���E£{
�4�XÚ�(�ãXã8.3¤«"c�Ï�Ú�"Ï��D4¼ê©O
�G(s), H(s)¶�A�Ñ\ÑÑCþ�u(t), y(t)¶D(Cþ�w(t), v(t)§
�w(t)Úv(t)´þ��"!pØ�'�²­�ÅCþ¶-�"Ï�þ��
Ä&Òr(t) = 0"�ÏL�ÿ�Ñ\ÑÑ&Òu(t)Úy(t)§��E£c�Ï
�þXÚ�ªÇ�AG(jω)"
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��5D4¼êG(s)�Ñ\ÑÑþ�"þ�²­�ÅL§�§Kk{
Syu(jω) = G(jω)Su(jω)

Sy(ω) = |G(jω)|2Su(ω)
(19)

ª¥Syu(jω)�G(s)�Ñ\ÑÑpÌ�Ý§Su(ω)ÚSy(ω)©OÑ\ÚÑÑ
&Ò�õÇÌ�Ý"
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��5D4¼êG(s)�Ñ\ÑÑþ�"þ�²­�ÅL§�§Kk{
Syu(jω) = G(jω)Su(jω)

Sy(ω) = |G(jω)|2Su(ω)
(19)

ª¥Syu(jω)�G(s)�Ñ\ÑÑpÌ�Ý§Su(ω)ÚSy(ω)©OÑ\ÚÑÑ
&Ò�õÇÌ�Ý"
XJU
��Syu(jω)ÚSu(ω)��O�Ŝyu(jω)ÚŜu(ω)§KG(jω)��O

�Ĝ(jω)�

Ĝ(jω) =
Ŝyu(jω)

Ŝu(ω)
(20)

þªÒ´4�^�edŜyu(jω)ÚŜu(ω)��E£c�Ï�ªÇA5�Ä�

úª"�ù��OĜ(jω)´k �"
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c�Ï�ªÇA5��O§Ø
v(t) = 0�	§��Ñ´k �§Ù�Ï
´XÚ¥�3�"§¦c�Ï����Ñ\�D(�'"�
�Ñù«
k 5§Ï~æ^	\ë�Ñ\r(t)��{"r(t)�w���Ä&Ò§Ø
��d�"þ�²­�ÅL§§§3G(s)����Ï«Säk�"�õ
ÇÌ�Ý§�r(t), w(t)�v(t)nö*dÚOÕá"d�k

Sry(jω) = G(jω)Sru(jω) (21)

Ĝ(jω) =
Ŝry(jω)

Ŝru(jω)
(22)

|^ù«�{����OþĜ(jω)E,´k �§ØL�cöké��U
?"
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2.^9ÏCþ{5��E£
A^9ÏCþ{5é��é�?1��E£§ÙÄ�g�´3�"Ï�
þ�\\-y&Ò(X\MS�)§òXÚ�Ñ\ÑÑCþ©)¤{

u(k) = ue(k) + ur(k)
y(k) = ye(k) + yr(k)

(23)

eI/e0Ú/r0L«�ACþ´de(k)½r(k)-y)¤�"w
,§ur(k)Úyr(k)�e(k)´Ø�'�"e^ur(k)Úyr(k)�Ou(k)Úy(k)�
¤��9ÏÝ
§P�

Zr(k) = [zr(k) zr(k + 1) · · · zr(k + N − 1)]T (24)

Ù¥
zr(k) = [yr(k) · · · yr(k − n) ur(k) · · · ur(k − n)]T (25)
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2.^9ÏCþ{5��E£
A^9ÏCþ{5é��é�?1��E£§ÙÄ�g�´3�"Ï�
þ�\\-y&Ò(X\MS�)§òXÚ�Ñ\ÑÑCþ©)¤{

u(k) = ue(k) + ur(k)
y(k) = ye(k) + yr(k)

(23)

eI/e0Ú/r0L«�ACþ´de(k)½r(k)-y)¤�"w
,§ur(k)Úyr(k)�e(k)´Ø�'�"e^ur(k)Úyr(k)�Ou(k)Úy(k)�
¤��9ÏÝ
§P�

Zr(k) = [zr(k) zr(k + 1) · · · zr(k + N − 1)]T (24)

Ù¥
zr(k) = [yr(k) · · · yr(k − n) ur(k) · · · ur(k − n)]T (25)

@o§|^9ÏCþ{§�±��ëê�O��

θ̂IV = (ZT
r (k)Φ)−1ZT

r (k)Y (26)

duZr(k)�e(k)Ø�'§�θ̂IV�±´Ã ���O�"
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2.^9ÏCþ{5��E£
A^9ÏCþ{5é��é�?1��E£§ÙÄ�g�´3�"Ï�
þ�\\-y&Ò(X\MS�)§òXÚ�Ñ\ÑÑCþ©)¤{

u(k) = ue(k) + ur(k)
y(k) = ye(k) + yr(k)

(23)

eI/e0Ú/r0L«�ACþ´de(k)½r(k)-y)¤�"w
,§ur(k)Úyr(k)�e(k)´Ø�'�"e^ur(k)Úyr(k)�Ou(k)Úy(k)�
¤��9ÏÝ
§P�

Zr(k) = [zr(k) zr(k + 1) · · · zr(k + N − 1)]T (24)

Ù¥
zr(k) = [yr(k) · · · yr(k − n) ur(k) · · · ur(k − n)]T (25)

@o§|^9ÏCþ{§�±��ëê�O��

θ̂IV = (ZT
r (k)Φ)−1ZT

r (k)Y (26)

duZr(k)�e(k)Ø�'§�θ̂IV�±´Ã ���O�"�9ÏÝ

Zr(k)¥���ur(k)Úyr(k)´Ø�ÿ�§�U^S���{O�"
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3.^�'���¦{5��E£
�ÄXã8.5¤«�4�XÚ"c�Ï�þ�Ñ\ÑÑ´�ÿ�§A^�
'���¦{5é��é�?1��E£§P�COR–I/O"

ã8.5¥��ì�.��¶�"Ï�þ�6Ä&Òr(k)Ø�ÿ¶�D4¼
êõ�ª�(�/ªXe

A(z−1) = 1 + a1z
−1 + · · ·+ anz

−n

B(z−1) = b1z
−1 + · · ·+ bnz

−n

C(z−1) = 1 + c1z
−1 + · · ·+ cnz

−n

P (z−1) = 1 + p1z
−1 + · · ·+ pmz−m

Q(z−1) = q0 + q1z
−1 + · · ·+ qmz−m

(27)
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ù�c�Ï���.�

y(k) = −
n∑

i=1

aiy(k − i) +
n∑

i=1

biu(k − i) +
n∑

i=1

ciε(k − i) (28)
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ù�c�Ï���.�

y(k) = −
n∑

i=1

aiy(k − i) +
n∑

i=1

biu(k − i) +
n∑

i=1

ciε(k − i) (28)

éþª?1�'©Û?n§��

Ryu(n + j) = −
n∑

i=1
aiRyu(n− i + j) +

n∑
i=1

biRu(n− i + j)

+
n∑

i=1
ciRuε(n− i + j) j = 1, 2, · · · , N

(29)

Ù¥Ryu(j), Ru(j)ÚRuε(j)L«éA��'¼ê"ÏÑ\u(k)�D(ε(k)
�ò5�Ã'§�þª¥Ruε(n− i + j) = 0,∀i, j"dd��

Ryu = Sθ (30)
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Ù¥

θ = [a1 a2 · · · an b1 b2 · · · bn]
T

Ryu = [Ryu(n + 1) Ryu(n + 2) · · ·Ryu(n + N)]T

S =


Ryu(n) · · · Ryu(1) Ru(n) · · · Ru(1)
Ryu(n + 1) · · · Ryu(2) Ru(n + 1) · · · Ru(2)

· · · · · ·
Ryu(n + N − 1) · · · Ryu(N) Ru(n + N − 1) · · · Ru(N)


ª(30)����¦)�

θ̂ = (STS)−1STRyu (31)
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Ù¥

θ = [a1 a2 · · · an b1 b2 · · · bn]
T

Ryu = [Ryu(n + 1) Ryu(n + 2) · · ·Ryu(n + N)]T

S =


Ryu(n) · · · Ryu(1) Ru(n) · · · Ru(1)
Ryu(n + 1) · · · Ryu(2) Ru(n + 1) · · · Ru(2)

· · · · · ·
Ryu(n + N − 1) · · · Ryu(N) Ru(n + N − 1) · · · Ru(N)


ª(30)����¦)�

θ̂ = (STS)−1STRyu (31)

lþª�wÑ§COR–I/O4���E£I�kO�Ñ�'¼ê§2|^
���¦{§Ù(JÚm�E£¿vk�o«O"�A/§����4
í�{"�3¦^COR–I/O�{��I�5¿�µ�"Ï�þ�6Ä&
Ò7L�e(k)Ø�'¶XJXÚÑÑ&ÒÉ�$ª6Ä&Ò�K�§K
I�éÑ\ÑÑ&Ò?1pÏÈÅ¶,	§ëê�O��Âñ�Ý�&
D'���k'"
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XJ3þãE£�{�Ä:þ§23�"Ï�þ	\6Ä&Òr(k)§

�ù«&Ò´�*ÿ�§Kæ^�'–Ñ\/ÑÑ/6Ä(COR–/I/O/P)�{
E£§ò����Ð��J"aquª(31)�í�L§§COR–/I/O/P�)
�

θ̂ = (STS)−1STRyr (32)

�Ù¥

Ryr = [Ryr(n + 1) Ryr(n + 2) · · ·Ryr(n + N)]T

S =


Ryr(n) · · · Ryr(1) Rru(n) · · · Rru(1)
Ryr(n + 1) · · · Ryr(2) Rru(n + 1) · · · Rru(2)

· · · · · ·
Ryr(n + N − 1) · · · Ryr(N) Rru(n + N − 1) · · · Rru(N)


I�5¿�¯KÚCOR–/I/OE£´���"
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8.44�XÚ��N!ìE£
½n8.2 õÑ\õÑÑ4�XÚ§�l��k��m'��"N!ì§U
E£�¿©^�´

rank

[
I I · · · I

H
(1)
2 H

(2)
2 · · · H

(l)
2

]
= r + m (33)

Ù¥H
(i)
2 , i = 1, · · · , l�5Ã'§r, m©O´4�XÚ�Ñ\ÑÑ�ê"
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~8.3 �a(z), b(z), r(z)�g�n§e(z), f(z)�g�m§�d~¥{
f (r)(z) = f

(r)
0 r = 1, 2

e(r)(z) = 1
(34)

=�"Ï�^ü���N!ì§ùü�N!ìÑ´{ü�'~�!"
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~8.3 �a(z), b(z), r(z)�g�n§e(z), f(z)�g�m§�d~¥{
f (r)(z) = f

(r)
0 r = 1, 2

e(r)(z) = 1
(34)

=�"Ï�^ü���N!ì§ùü�N!ìÑ´{ü�'~�!"
4�XÚ��©�§©O�

y(k)

ε(k)
=

r(z)

a(z)− f
(r)
0 b(z)

=
r(z)

p(r)(z)
r = 1, 2 (35)

Ù¥
p(r)(z) = 1 + (a1 − f

(r)
0 b1)z

−1 + · · ·+ (an − f
(r)
0 bn)z

−n
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©üÚ?1E£µ
1.d4�XÚ�Ñ\ÑÑêâ�O4��§y(k)

ε(k) = r(z)
p(r)(z)�ëê¶

p̂
(r)
1 , · · · , p̂(r)

n , (r = 1, 2) r̂i, · · · , r̂n
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©üÚ?1E£µ
1.d4�XÚ�Ñ\ÑÑêâ�O4��§y(k)

ε(k) = r(z)
p(r)(z)�ëê¶

p̂
(r)
1 , · · · , p̂(r)

n , (r = 1, 2) r̂i, · · · , r̂n

2.2dþ¡�ëê�Oc�Ï��ëêai, bi"{
p̂

(1)
i = âi − f̂

(1)
0 b̂i, i = 1, 2, · · · , n

p̂
(2)
i = âi − f̂

(2)
0 b̂i
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©üÚ?1E£µ
1.d4�XÚ�Ñ\ÑÑêâ�O4��§y(k)

ε(k) = r(z)
p(r)(z)�ëê¶

p̂
(r)
1 , · · · , p̂(r)

n , (r = 1, 2) r̂i, · · · , r̂n

2.2dþ¡�ëê�Oc�Ï��ëêai, bi"{
p̂

(1)
i = âi − f̂

(1)
0 b̂i, i = 1, 2, · · · , n

p̂
(2)
i = âi − f̂

(2)
0 b̂i

��§éuù�üÑ\üÑÑ4�XÚ§=^ü�{ü�'~�!��
�"Ï����N!ì§ÒUé4�XÚ?1E£"
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