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6.14�q,{
1.4�q,�n
é4�q,�n£ãXeµéu�|*ÿêâ{y1, y2, · · · , yN}§§
¤äk�éÜVÇ©ÙL«
ÑyT*ÿ(J��U5"
*ÿ
�{y1, y2, · · · , yN}�éÜVÇ�ÝP (Y, θ)´���ëêθ�����'

�§ØÓ�ëê�§òkØÓ�VÇ�Ý¼ê"�θ = θ̂ML�§
��T*ÿ�{y1, y2, · · · , yN}��U5��"�Ò´`§�*ÿ(J
�{y1, y2, · · · , yN}�^�e§θ̂ML´�Cuëêθý¢���U5���
�ëê�O�"
4�q,{(Maximum Likelihood Estimation,MLE)I��E��±êâÚ
��ëê�gCþ�q,¼ê§¿ÏL4�zù�q,¼ê§¼��.
�ëê�O�"�.ÑÑ�VÇ©Ùò���U/%C¢SL§ÑÑ�
VÇ©Ù"4�q,{Ï~�¦äkU
�ÑÑÑþ�^�VÇ�Ý¼
ê�k��£"
® � ë êθ� ^ � e § * ÿ þ � V Ç � Ý �P (Y |θ)§ 3Ng ÿ
þ{y1, y2, · · · , yN}�(Õáÿþ)§�Äq,¼ê

L(y1, y2, · · · yN |θ) = P (y1 · · · yN |θ) =
N∏

i=1

P (yi|θ) (1)
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XJ·�Ø�¦θ�©Ù�Ý§��¯θ���õ�(��U��)§@o§
Ò��¦θ¦L(y1y2 · · · yN |θ) = max"éu(½
�*ÿ�Y
ó§q,

¼ê==´ëêθ�¼ê"d4�q,�n��§θ̂ML÷v±e�§"

∂L

∂θ̂

∣∣∣∣
θ̂=θ̂ML

= 0 (2)

�Ä�q,¼ê����ê¼ê§
�ê¼êÚéê¼êÑ´üN�§
��B¦)§þª�duXe�§"

∂ ln L

∂θ̂

∣∣∣∣
θ̂=θ̂ML

= 0 (3)

3AÏ�¹e§θ̂MLU
ÏL¦)ª(3)��"����¹e§ª(3)ØN
´��)Û)§I�æ^ê��{��ÙCq)"
e¡|^4�q,�n§©ÛÄ�XÚ�.ëê�4�q,�O¯K"
Äk©Û4�q,�OÚ���¦�O�'X"
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�ÄXÚ�.��5�©�§

y(k) = −a1y(k−1)−· · ·−any(k−n)+b0u(k)+b1u(k−1)+· · ·+bnu(k−n)+ε(k)
(4)

Ù¥ε(k) ∼ N(0, σ2)�pdxD("�.��O¯K��¤�þ/ª

Y = Φθ + e (5)

Ù¥
Y =

[
y(n + 1) y(n + 2) · · · y(n + N)

]T

θ =
[

a1 a2 · · · an b0 b1 · · · bn

]T

e =
[

ε(n + 1) ε(n + 2) · · · ε(n + N)
]T

Φ =


−y(n) · · · −y(1) u(n + 1) · · · u(1)

−y(n + 1) · · · −y(2) u(n + 2) · · · u(2)
... ...

−y(n + N − 1) · · · −y(N) u(n + N) · · · u(N)


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ª(5)��±��
e = Y − Φθ (6)

du{ε(k)}´þ��"�pdØ�'S�§��{u(k)}Ø�'"u´§�
�q,¼ê

L = P (Y |θ, σ2) = P (Y |θ, σ2)

= (2πσ2)−
N
2 exp

{
− 1

2σ2(Y − Φθ)T (Y − Φθ)
} (7)
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ª(5)��±��
e = Y − Φθ (6)

du{ε(k)}´þ��"�pdØ�'S�§��{u(k)}Ø�'"u´§�
�q,¼ê

L = P (Y |θ, σ2) = P (Y |θ, σ2)

= (2πσ2)−
N
2 exp

{
− 1

2σ2(Y − Φθ)T (Y − Φθ)
} (7)

éA�Kéêq,¼ê�

− ln L =
N

2
ln σ2 − N

2
ln 2π +

1

2σ2(Y − Φθ)T (Y − Φθ) (8)
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ª(5)��±��
e = Y − Φθ (6)

du{ε(k)}´þ��"�pdØ�'S�§��{u(k)}Ø�'"u´§�
�q,¼ê

L = P (Y |θ, σ2) = P (Y |θ, σ2)

= (2πσ2)−
N
2 exp

{
− 1

2σ2(Y − Φθ)T (Y − Φθ)
} (7)

éA�Kéêq,¼ê�

− ln L =
N

2
ln σ2 − N

2
ln 2π +

1

2σ2(Y − Φθ)T (Y − Φθ) (8)

�â4�q,�n§¦þªé��ëêθ̂Úσ̂2� �ê�-Ù�0§��

θ̂ML = (ΦTΦ)−1ΦTY (9)

þª�Óuθ̂LS§ù`²�D(�pdxD(�§ëêθ�4�q,�O
Ú���¦�O´�d�"
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d
∂ ln L

∂σ̂2

∣∣∣∣
σ̂2=σ̂2

ML

= 0 (10)
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d
∂ ln L

∂σ̂2

∣∣∣∣
σ̂2=σ̂2

ML

= 0 (10)

��D(����O

σ̂2
ML =

1

N
(Y − Φθ̂ML)T (Y − Φθ̂ML) (11)
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d
∂ ln L

∂σ̂2

∣∣∣∣
σ̂2=σ̂2

ML

= 0 (10)

��D(����O

σ̂2
ML =

1

N
(Y − Φθ̂ML)T (Y − Φθ̂ML) (11)

3¢S¯K¥§{ε(k)}  Ø´xD(S�§
´�'D(S�"e¡
?Øí��'��¹e4�q,�O�¦)"
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2.ê�){
�Ä�.�

A(z−1)y(k) = B(z−1)u(k) + C(z−1)ε(k) (12)

U��

ε(k) = y(k) +
n∑

i=1

aiy(k − i)−
n∑

i=0

biu(k − i)−
n∑

i=1

ciε(k − i) (13)
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2.ê�){
�Ä�.�

A(z−1)y(k) = B(z−1)u(k) + C(z−1)ε(k) (12)

U��

ε(k) = y(k) +
n∑

i=1

aiy(k − i)−
n∑

i=0

biu(k − i)−
n∑

i=1

ciε(k − i) (13)

3Õá*ÿ�cJe§��Ñ\ÑÑêâ{u(k)}Ú{y(k)}§ÿþNg§�
�N�xD(�þ�

ε =

 ε(n + 1)
...

ε(n + N)

 , ε ∼ N(0, σ2I)
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2.ê�){
�Ä�.�

A(z−1)y(k) = B(z−1)u(k) + C(z−1)ε(k) (12)

U��

ε(k) = y(k) +
n∑

i=1

aiy(k − i)−
n∑

i=0

biu(k − i)−
n∑

i=1

ciε(k − i) (13)

3Õá*ÿ�cJe§��Ñ\ÑÑêâ{u(k)}Ú{y(k)}§ÿþNg§�
�N�xD(�þ�

ε =

 ε(n + 1)
...

ε(n + N)

 , ε ∼ N(0, σ2I)

D(����
�
R = E{εεT} = σ2IN×N (14)
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-
θ =

[
a1 · · · an b0 · · · bn c1 · · · cn

]T

�þ/ª��§|Y = Φθ + ε§��±�¤

ε = Y − Φθ (15)

éÜVÇ�Ý¼ê

P (ε|θ) = P (Y |θ) = (2πσ2)−
N
2 exp

{
− 1

2σ2

n+N∑
k=n+1

ε2(k)

}
(16)
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-
θ =

[
a1 · · · an b0 · · · bn c1 · · · cn

]T

�þ/ª��§|Y = Φθ + ε§��±�¤

ε = Y − Φθ (15)

éÜVÇ�Ý¼ê

P (ε|θ) = P (Y |θ) = (2πσ2)−
N
2 exp

{
− 1

2σ2

n+N∑
k=n+1

ε2(k)

}
(16)

�θ´,��O��§rε(k)U��ν(k)§K��q,¼ê§¿¦éê�

ln L =
N

2
ln 2π − N

2
ln σ2 − 1

2σ2

n+N∑
k=n+1

ν2(k) (17)
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dq,¼ê¦4��§
∂ ln L

∂σ̂2 = 0 (18)

��D(����O�

σ̂2 =
1

N

n+N∑
k=n+1

ν2(k) (19)

Ù¥

ν(k) = y(k) +
n∑

i=1

âiy(k − i)−
n∑

i=0

b̂iu(k − i)−
n∑

i=1

ĉiν(k − i) (20)
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dq,¼ê¦4��§
∂ ln L

∂σ̂2 = 0 (18)

��D(����O�

σ̂2 =
1

N

n+N∑
k=n+1

ν2(k) (19)

Ù¥

ν(k) = y(k) +
n∑

i=1

âiy(k − i)−
n∑

i=0

b̂iu(k − i)−
n∑

i=1

ĉiν(k − i) (20)

òª(19)�\ª(17)§�

ln L = const− N

2
ln

1

N

n+N∑
k=n+1

ν2(k) (21)
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dq,¼ê¦4��§
∂ ln L

∂σ̂2 = 0 (18)

��D(����O�

σ̂2 =
1

N

n+N∑
k=n+1

ν2(k) (19)

Ù¥

ν(k) = y(k) +
n∑

i=1

âiy(k − i)−
n∑

i=0

b̂iu(k − i)−
n∑

i=1

ĉiν(k − i) (20)

òª(19)�\ª(17)§�

ln L = const− N

2
ln

1

N

n+N∑
k=n+1

ν2(k) (21)

�â4�q,�n§éêq,¼ê�4�§Ò�du

V (θ̂ML) =
1

N

n+N∑
k=n+1

ν2(k)

∣∣∣∣∣
θ̂ML

= min (22)

Ù¥ν(k)÷vª(20)��å^�"
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nÜ±þ©Û§4�q,�Oθ̂MLÒ´3ª(20)��å^�e§¦
�V (θ̂ML) = min"Ó�§D(��σ2��O��σ̂2 = min V (θ)"
Ï�V (θ)´ëêc1, c2, · · · , cn���5¼ê§�UÏLS���{¦
)"~^�S��{kLagrangian¦f{ÚNewton–Raphson{§ùp0
�Newton–Raphson{"
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nÜ±þ©Û§4�q,�Oθ̂MLÒ´3ª(20)��å^�e§¦
�V (θ̂ML) = min"Ó�§D(��σ2��O��σ̂2 = min V (θ)"
Ï�V (θ)´ëêc1, c2, · · · , cn���5¼ê§�UÏLS���{¦
)"~^�S��{kLagrangian¦f{ÚNewton–Raphson{§ùp0
�Newton–Raphson{"
(1)À½Ð©�θ̂(0)§éuθ̂(0)¥�a1, · · · , an, b0, · · · , bn�U�.

ν(k) = Â(z−1)y(k)− B̂(z−1)u(k) (23)

^���¦{¦�§
éuθ̂(0)¥�c1, c2, · · · , cn�kb½�
�"
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nÜ±þ©Û§4�q,�Oθ̂MLÒ´3ª(20)��å^�e§¦
�V (θ̂ML) = min"Ó�§D(��σ2��O��σ̂2 = min V (θ)"
Ï�V (θ)´ëêc1, c2, · · · , cn���5¼ê§�UÏLS���{¦
)"~^�S��{kLagrangian¦f{ÚNewton–Raphson{§ùp0
�Newton–Raphson{"
(1)À½Ð©�θ̂(0)§éuθ̂(0)¥�a1, · · · , an, b0, · · · , bn�U�.

ν(k) = Â(z−1)y(k)− B̂(z−1)u(k) (23)

^���¦{¦�§
éuθ̂(0)¥�c1, c2, · · · , cn�kb½�
�"
(2)O�ýÿØ�

ν(k) = y(k)− ŷ(k) (24)

�Ñ

J =
1

2

n+N∑
k=n+1

ν2(k) (25)
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nÜ±þ©Û§4�q,�Oθ̂MLÒ´3ª(20)��å^�e§¦
�V (θ̂ML) = min"Ó�§D(��σ2��O��σ̂2 = min V (θ)"
Ï�V (θ)´ëêc1, c2, · · · , cn���5¼ê§�UÏLS���{¦
)"~^�S��{kLagrangian¦f{ÚNewton–Raphson{§ùp0
�Newton–Raphson{"
(1)À½Ð©�θ̂(0)§éuθ̂(0)¥�a1, · · · , an, b0, · · · , bn�U�.

ν(k) = Â(z−1)y(k)− B̂(z−1)u(k) (23)

^���¦{¦�§
éuθ̂(0)¥�c1, c2, · · · , cn�kb½�
�"
(2)O�ýÿØ�

ν(k) = y(k)− ŷ(k) (24)

�Ñ

J =
1

2

n+N∑
k=n+1

ν2(k) (25)

¿O�

σ̂2 =
1

N

n+N∑
k=n+1

ν2(k) (26)
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(3)O�J�FÝ∂J
∂θ̂
ÚHessianÝ
 ∂2J

∂θ̂∂θ̂T
§k

∂J

∂θ̂
=

n+N∑
k=n+1

ν(k)
∂ν(k)

∂θ̂
(27)

Ù¥
∂ν(k)

∂âi
= y(k − i)−

n∑
j=1

ĉi
∂ν(k − j)

∂âi
(28)

∂ν(k)

∂b̂i

= −u(k − i)−
n∑

j=1

ĉi
∂ν(k − j)

∂b̂i

(29)

∂ν(k)

∂ĉi
= −ν(k − i)−

n∑
j=1

ĉi
∂ν(k − j)

∂ĉi
(30)

ª(28)! ª(29)Ú ª(30)þ � � © � § § ù 
 � © � § � Ð
© ^ � �0§ � Ï L ¦ ) ù 
 � © � § § © O ¦ Ñν(k)'

uâ1, · · · , ân, b̂0, · · · , b̂n, ĉ1, · · · , ĉn ��Ü �ê§
ù
 �ê©O
�{y(k)}, {u(k)}Ú{ν(k)}��5¼ê"
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2d�þ∂J
∂θ̂
éëê�þθ̂¦ �ê§��� �ê

∂2J

∂θ̂∂θ̂T
=

n+N∑
k=n+1

∂ν(k)

∂θ̂
· ∂ν(k)

∂θ̂T
+

n+N∑
k=n+1

ν(k)
∂2ν(k)

∂θ̂∂θ̂T
(31)

Ï�ν(k)´��þ§
n+N∑

k=n+1
ν(k)∂2ν(k)

∂θ̂∂θ̂T
��Ñ"
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2d�þ∂J
∂θ̂
éëê�þθ̂¦ �ê§��� �ê

∂2J

∂θ̂∂θ̂T
=

n+N∑
k=n+1

∂ν(k)

∂θ̂
· ∂ν(k)

∂θ̂T
+

n+N∑
k=n+1

ν(k)
∂2ν(k)

∂θ̂∂θ̂T
(31)

Ï�ν(k)´��þ§
n+N∑

k=n+1
ν(k)∂2ν(k)

∂θ̂∂θ̂T
��Ñ"

(4)UNewton–Raphson{O�θ̂�#�O�θ̂(k + 1)§k

θ̂(k + 1) = θ̂(k)−
(

∂2J

∂θ̂∂θ̂T

)−1
∂J

∂θ̂

∣∣∣∣
θ̂=θ̂(k)

(32)
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2d�þ∂J
∂θ̂
éëê�þθ̂¦ �ê§��� �ê

∂2J

∂θ̂∂θ̂T
=

n+N∑
k=n+1

∂ν(k)

∂θ̂
· ∂ν(k)

∂θ̂T
+

n+N∑
k=n+1

ν(k)
∂2ν(k)

∂θ̂∂θ̂T
(31)

Ï�ν(k)´��þ§
n+N∑

k=n+1
ν(k)∂2ν(k)

∂θ̂∂θ̂T
��Ñ"

(4)UNewton–Raphson{O�θ̂�#�O�θ̂(k + 1)§k

θ̂(k + 1) = θ̂(k)−
(

∂2J

∂θ̂∂θ̂T

)−1
∂J

∂θ̂

∣∣∣∣
θ̂=θ̂(k)

(32)

(5) ­E(2)�(4)�O�Ú½§S�¦)#�ëê�O�θ̂(k + 1)§�
�ν(k)����éØ��u,���ê§¤��ëê�O�Ò´4�
q,�O�"
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3.4í�4�q,{�
?13�E£§I��Ñ4í�4�q,�O
�{§=z*ÿ�gêâÒ4íO��gëê�O���{"
�XÚ��.�

A(z−1)y(k) = B(z−1)u(k) + C(z−1)ν(k) (33)

ª¥  A(z−1) = 1 + a1z
−1 + · · ·+ anz

−n

B(z−1) = b0 + b1z
−1 + · · ·+ bnz

−n

C(z−1) = 1 + c1z
−1 + · · ·+ cnz

−n
(34)

y(k), u(k)´XÚ�Ñ\ÑÑþ§{ν(k)}´"þ�Ø�'��ÅD(S
�"
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3.4í�4�q,{�
?13�E£§I��Ñ4í�4�q,�O
�{§=z*ÿ�gêâÒ4íO��gëê�O���{"
�XÚ��.�

A(z−1)y(k) = B(z−1)u(k) + C(z−1)ν(k) (33)

ª¥  A(z−1) = 1 + a1z
−1 + · · ·+ anz

−n

B(z−1) = b0 + b1z
−1 + · · ·+ bnz

−n

C(z−1) = 1 + c1z
−1 + · · ·+ cnz

−n
(34)

y(k), u(k)´XÚ�Ñ\ÑÑþ§{ν(k)}´"þ�Ø�'��ÅD(S
�"
-

θ = [a1 · · · an b0 · · · bn c1 · · · cn]
T (35)

K�.ª(33)�ëêθ�4�q,�Oθ̂ML�

J(θ)|θ̂ML
=

1

2

n+N∑
k=n+1

ν2(k)

∣∣∣∣∣
θ̂ML

= min (36)
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Ù¥ν(k)÷ve�'Xª

ν(k) = [C(z−1)]−1[A(z−1)y(k)−B(z−1)u(k)] (37)

�í�4íúª§Pν(k + n) = νk"XJνk3θ̂ML:þ?1TaylorÐm§
K�CqL«�

νk ≈ νk|θ̂ML
+

∂νk

∂θ

∣∣∣∣
θ̂ML

(θ − θ̂ML) (38)
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Ù¥ν(k)÷ve�'Xª

ν(k) = [C(z−1)]−1[A(z−1)y(k)−B(z−1)u(k)] (37)

�í�4íúª§Pν(k + n) = νk"XJνk3θ̂ML:þ?1TaylorÐm§
K�CqL«�

νk ≈ νk|θ̂ML
+

∂νk

∂θ

∣∣∣∣
θ̂ML

(θ − θ̂ML) (38)

�

ϕ
(f)
k ≈ −

[
∂νk

∂θ

]T
∣∣∣∣∣
θ̂ML

(39)
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Ù¥ 
∂νk

∂âi
|θ̂ML

= [Ĉ(z−1)]−1yk−j ≡ z−jy
(f)
k

∂νk

∂b̂i
|θ̂ML

= −[Ĉ(z−1)]−1uk−i ≡ −z−ju
(f)
k

∂νk

∂ĉi
|θ̂ML

= −[Ĉ(z−1)]−1νk−i ≡ −z−jν̂
(f)
k

(40)

ª¥§y
(f)
k , u

(f)
k , ν̂

(f)
k ©OL«yk, uk, ν̂k�ÈÅ�§÷v'Xª

y
(f)
k = [Ĉ(z−1)]−1yk

u
(f)
k = [Ĉ(z−1)]−1uk

ν̂
(f)
k = [Ĉ(z−1)]−1ν̂k

(41)
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Ù¥ 
∂νk

∂âi
|θ̂ML

= [Ĉ(z−1)]−1yk−j ≡ z−jy
(f)
k

∂νk

∂b̂i
|θ̂ML

= −[Ĉ(z−1)]−1uk−i ≡ −z−ju
(f)
k

∂νk

∂ĉi
|θ̂ML

= −[Ĉ(z−1)]−1νk−i ≡ −z−jν̂
(f)
k

(40)

ª¥§y
(f)
k , u

(f)
k , ν̂

(f)
k ©OL«yk, uk, ν̂k�ÈÅ�§÷v'Xª

y
(f)
k = [Ĉ(z−1)]−1yk

u
(f)
k = [Ĉ(z−1)]−1uk

ν̂
(f)
k = [Ĉ(z−1)]−1ν̂k

(41)

= 
y

(f)
k = yk − ĉ1y

(f)
k−1 − · · · − ĉny

(f)
k−n

u
(f)
k = uk − ĉ1u

(f)
k−1 − · · · − ĉnu

(f)
k−n

ν̂
(f)
k = ν̂k − ĉ1ν̂

(f)
k−1 − · · · − ĉnν̂

(f)
k−n

(42)

Ù¥ν̂k�

ν̂k = yk +
n∑

i=1

âiyk−i −
n∑

i=0

b̂iuk−i −
n∑

i=1

ĉiνk−i (43)
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@o§�þϕ
(f)
k P�

ϕ
(f)
k = [−y

(f)
k−1 · · · − y

(f)
k−n u

(f)
k−1 · · · u

(f)
k−n ν̂

(f)
k−1 · · · ν̂

(f)
k−n]

T (44)
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@o§�þϕ
(f)
k P�

ϕ
(f)
k = [−y

(f)
k−1 · · · − y

(f)
k−n u

(f)
k−1 · · · u

(f)
k−n ν̂

(f)
k−1 · · · ν̂

(f)
k−n]

T (44)

duJ(θ)´ëêθ���5¼ê§�
��4�q,�O�4í/ª§k
òJ(θ)�¤4í�/ª

Jk(θ) = Jk−1(θ) +
1

2
ν2

k (45)
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@o§�þϕ
(f)
k P�

ϕ
(f)
k = [−y

(f)
k−1 · · · − y

(f)
k−n u

(f)
k−1 · · · u

(f)
k−n ν̂

(f)
k−1 · · · ν̂

(f)
k−n]

T (44)

duJ(θ)´ëêθ���5¼ê§�
��4�q,�O�4í/ª§k
òJ(θ)�¤4í�/ª

Jk(θ) = Jk−1(θ) +
1

2
ν2

k (45)

�θ̂k−1´k − 1���4�q,�O�§@oJk−1(θ)3θ̂k−1:þ?

1TaylorÐm§¿�Ä�Jk−1(θ)3θ̂k−1:þ'uθ����êCq�"§
Kk

Jk(θ) =
1

2
[θ − θ̂k−1]

TP−1
k−1[θ − θ̂k−1] +

1

2
ηk +

1

2
ν2

k (46)

Ù¥P−1
k−1 = ∂2Jk(θ)

∂θ∂θT |θ̂k−1
´�½é¡
§ηk´Jk−1(θ)TaylorÐm��í�

�"-
J∗k(θ) = 2Jk(θ) (47)
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dª(38)!ª(39)Úª(46)í���

J∗k(θ) ≈ [θ − θ̂k−1]
TP−1

k−1[θ − θ̂k−1] +
{

νk|θ̂k−1
+ ∂νk

∂θ |θ̂k−1
(θ − θ̂k−1)

}2
+ ηk−1

= [θ − θ̂k−1]
T [P−1

k−1 + ϕ
(f)
k ϕ

(f)T
k ][θ − θ̂k−1]− 2νk|θ̂k−1

ϕ
(f)T
k (θ − θ̂k−1)

+ν2
k|θ̂k−1

+ ηk

(48)
Pθ̃k−1 = θ − θ̂k−1§¿òª(48)�¤�g.

J∗k(θ) = [θ̃k−1 − rk]
TP−1

k [θ̃k−1 − rk] + η∗k (49)

Ù¥ 
P−1

k = P−1
k−1 + ϕ

(f)
k ϕ

(f)T
k

rk = Pkϕ
(f)
k νk|θ̂k−1

≡ Gkν̂k

η∗k = rT
k P−1

k rk + ν2|θ̂k−1
+ ηk

(50)
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w,§η∗k´�u"�§dª(49)��§ek����O�θ̂k¦�

θ̃k−1|θ̂k−1
= rk = Gkν̂k (51)
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w,§η∗k´�u"�§dª(49)��§ek����O�θ̂k¦�

θ̃k−1|θ̂k−1
= rk = Gkν̂k (51)

J∗k(θ)7,��4��"Ó�§aqu���¦{�í�§éª(50)|^
Ý
¦_Ún§��

Pk = Pk−1 −
Pk−1ϕ

(f)
k ϕ

(f)T
k Pk−1

1 + ϕ
(f)T
k Pk−1ϕ

(f)
k

(52)
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w,§η∗k´�u"�§dª(49)��§ek����O�θ̂k¦�

θ̃k−1|θ̂k−1
= rk = Gkν̂k (51)

J∗k(θ)7,��4��"Ó�§aqu���¦{�í�§éª(50)|^
Ý
¦_Ún§��

Pk = Pk−1 −
Pk−1ϕ

(f)
k ϕ

(f)T
k Pk−1

1 + ϕ
(f)T
k Pk−1ϕ

(f)
k

(52)

OÃÝ
�4íúª�

Gk = Pk−1ϕ
(f)
k [1 + ϕ

(f)T
k Pk−1ϕ

(f)
k ]−1 (53)
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u´§ò4í�4�q,�O�{(RML)8B�

θ̂k = θ̂k−1 + Gkν̂k

Gk = Pk−1ϕ
(f)
k [1 + ϕ

(f)T
k Pk−1ϕ

(f)
k ]−1

Pk = [I −Gkϕ
(f)T
k ]Pk−1

ν̂k = yk − ϕT
k θ̂k−1

ϕk = [−yk−1 · · · − yk−n uk−1 · · · uk−n ν̂k−1 ν̂k−n]
T

ϕ
(f)
k = [−y

(f)
k−1 · · · − y

(f)
k−n u

(f)
k−1 · · · u

(f)
k−n ν̂

(f)
k−1 ν̂

(f)
k−n]

T

y
(f)
k = yk − ĉ1y

(f)
k−1 − · · · − ĉny

(f)
k−n

u
(f)
k = uk − ĉ1u

(f)
k−1 − · · · − ĉnu

(f)
k−n

ν̂
(f)
k = ν̂k − ĉ1ν̂

(f)
k−1 − · · · − ĉnν̂

(f)
k−n

(54)
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ª¥§�þϕ
(f)
k ��±�¤Xe�4í/ª

ϕ
(f)
k+1 =



−ĉ1 · · · −ĉn

1 0 0 0
...

0 1 0
−ĉ1 · · · −ĉn

0 1 0 0
...

0 1 0
−ĉ1 · · · −ĉn

0 0 1 0
...

0 1 0



ϕ
(f)
k +


−yk

0
uk

0
ν̂k

0



(55)
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ª¥§�þϕ
(f)
k ��±�¤Xe�4í/ª

ϕ
(f)
k+1 =



−ĉ1 · · · −ĉn

1 0 0 0
...

0 1 0
−ĉ1 · · · −ĉn

0 1 0 0
...

0 1 0
−ĉ1 · · · −ĉn

0 0 1 0
...

0 1 0



ϕ
(f)
k +


−yk

0
uk

0
ν̂k

0



(55)
4�q,�O4í�{aquO2���¦{§¤ØÓ��´�þϕ

(f)
k �

�EØ��"Ð©����θ̂0 = ε(ε�¿©���þ)§P0 = I§ν̂k =
0, (k = 0, 1, · · · , n − 1)¶¿|^Ñ\ÑÑêâ�Eϕ1§¦�Ø��"�

þ§Ó��ϕ
(f)
1 = ϕ1"3ù
Ð©G�e§|^ª(54)§B�ÅÚ4íO

�Gk, PkÚθ̂k"
RML�{�E£�JÐuRLS§éD(�.�ëêE£°Ý�Ð
uRELS"
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4.4�q,�O�ÚO5�
�Ñ\&Ò{u(k)}´2n�±Y-y�§K4�q,�OäkûÐ�ÚO
5�"e¡���Ñ(Ø"
(1)ìCÃ 5
4�q,ëê�O�θ̂ML´θ�Ã �O§=

lim
N→∞

E{θ̂ML} = θ (56)
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4.4�q,�O�ÚO5�
�Ñ\&Ò{u(k)}´2n�±Y-y�§K4�q,�OäkûÐ�ÚO
5�"e¡���Ñ(Ø"
(1)ìCÃ 5
4�q,ëê�O�θ̂ML´θ�Ã �O§=

lim
N→∞

E{θ̂ML} = θ (56)

(2)ìC��5
4�q,�Oθ̂MLA�7,Âñuëêý�θ§=

θ̂ML
N→∞−→ θ, a.s. (57)

Ù¥a.s.L«A��½(almost surely)�¿g"
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(3)ìC��5
�θ̂ML´dN�ÕáÓ©Ù�ÅCþy���y(1), y(2), · · · , y(N) ���

ëêθ�4�q,�Oþ§@o�N → ∞�§θ̂ML�©ÙÂñu��©
Ù§=

lim
N→∞

√
N(θ̂ML − θ) → β, β ∼ N(0, M

−1
θ ) (58)

Ù¥M θL«3ëêθ^�e�²þFisher&EÝ
"
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(3)ìC��5
�θ̂ML´dN�ÕáÓ©Ù�ÅCþy���y(1), y(2), · · · , y(N) ���

ëêθ�4�q,�Oþ§@o�N → ∞�§θ̂ML�©ÙÂñu��©
Ù§=

lim
N→∞

√
N(θ̂ML − θ) → β, β ∼ N(0, M

−1
θ ) (58)

Ù¥M θL«3ëêθ^�e�²þFisher&EÝ
"
(4)ìCk�5
4�q,�Oþθ̂ML�ëêý�θ�m� �θ̃ = θ − θ̂ML ����
�
�Cramer–RaoØ�ª�e."

Covθ̂ML −→ M
−1
θ (59)


dCramer–RaoØ�ª§Covθ̂ML ≥ M
−1
θ "
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