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5.79ÏCþ{
1.�g�¤�{
9ÏCþ{�¡�óäCþ{(Instrumental Variable, IV)"éu�5�.

A(z−1)y(k) = B(z−1)u(k) + e(k) (1)

l\����¦{Ñu§
W = Z · ZT (2)

=\�
W��½é¡
"8I¼ê�

J = êTWê (3)

K\����¦�O�

θ̂WLS = (ΦTZ · ZTΦ)−1ΦTZ · ZTY (4)
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�� 1
N ΦTZ ��ÛÉ§∀N"K���O�

θ̂IV = (ZTΦ)−1ZTY (5)

½
θ̂IV = (ZTΦ)−1ZT (Φθ + e) = θ + (ZTΦ)−1ZTe (6)
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�� 1
N ΦTZ ��ÛÉ§∀N"K���O�

θ̂IV = (ZTΦ)−1ZTY (5)

½
θ̂IV = (ZTΦ)−1ZT (Φθ + e) = θ + (ZTΦ)−1ZTe (6)

þã�O�θ̂IVìCÃ �^��µ

(1) lim
N→∞

1
N ZTΦ��ÛÉ
¶

(2) lim
N→∞

1
N ZTe = 0§=Z�eÕá"
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�� 1
N ΦTZ ��ÛÉ§∀N"K���O�

θ̂IV = (ZTΦ)−1ZTY (5)

½
θ̂IV = (ZTΦ)−1ZT (Φθ + e) = θ + (ZTΦ)−1ZTe (6)

þã�O�θ̂IVìCÃ �^��µ

(1) lim
N→∞

1
N ZTΦ��ÛÉ
¶

(2) lim
N→∞

1
N ZTe = 0§=Z�eÕá"

Z¡�9ÏCþÝ
§Z���¡�9ÏCþ"Z
�ÀJ��D(Ã
'§���êâ
Φ;��'"XJ¤^�9ÏCþ÷vþãü�^�§
Kk

θ̂IV
N→∞−→ θ w.p.1 (7)

þªθ̂IV¡�9ÏCþëê�O�"��§��·�ÀJ9ÏCþ§¦�
÷vþãü�^�§ëê�O�θ̂IVÒ�±´Ã ���O"
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2.9ÏCþ�ÀJ
¤ÀJ�9ÏCþA�e(k)Ø�'§��u(k)ÚΦ¥�y(k)r��'"e
¡0�A«~^�ÀJ�{"
�{1µS�9ÏCþ�{

Z =


−w(n) · · · −w(1) u(n + 1) · · · u(1)

−w(n + 1) · · · −w(2) u(n + 2) · · · u(2)
... ...

−w(n + N − 1) · · · −w(N) u(n + N) · · · u(N)

 (8)

þª{w(k)}�n�XÚ�ÑÑ§=n�XÚ��.�

A(z−1)w(k) = B(z−1)u(k) (9)

ª¥A(z−1)ÚB(z−1)�Xê�´�E£�ëê§XÛ��w(k)Qº�±
ÏLS��{¦)"
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k^���¦{¦oÑ�θ̂§2òθ̂�\ª(9)§��w(k)"2�âª(8)�
E9ÏCþ
§|^ª(5)¦�θ�9ÏCþ�O�θ̂IV§,�2òθ̂IV�\
ª(9)2g¦�w(k)"XdÌ�4í�O9ÏCþëê§����÷¿�
E£(J��"
�{2µg·AÈÅ{
ù«�{¤ÀJ�9ÏCþw(k)Ú9ÏCþÝ
Z�/ª�þ�«�{

���Ó§�´9Ï�.¥ëê�þθ̂��O�{�þ�«�{k¤Ø
Ó"�

θ̂(k) = (1− α)θ̂(k − 1) + αθ̂(k − d) (10)

ª¥α�0.01 ∼ 0.1§d�0 ∼ 10§θ̂(k)�k��¤���ëê�þ�O�"
��.ª(1)¥�D(e(k)�u(k)Ã'§�u(k)´±Y-y&Ò�§¤À�
9ÏCþ�÷vþãü�^�"
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�{3µX¢�
�|^Ñ\�9ÏCþ§9ÏCþ
�

Z =

 u(2n) · · · u(0)
...

u(2n + N − 1) · · · u(N − 1)

 (11)

��Ñ\&Òu(k)´±Y-y&Ò§��D(e(k)Ã'§K9ÏCþ�÷
vþãü�^�"
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�{4µTally�n
XJD(e(k)�w¤e�MA�.�ÑÑ

e(k) = D(z−1)ε(k) (12)

Ù¥ε(k)´"þ��Ø�'�ÅD(§�

D(z−1) = 1 + d1z
−1 + · · ·+ dmz−m (13)

K9ÏCþ��
w(k) = y(k −D), D ≥ m (14)

�A�9ÏCþ
|^ò´��ÑÑÚÑ\�9ÏCþ§=

Z =

 −y(n−D − 1) · · · −y(−D) u(n) · · · u(0)
... ...

−y(n−D + N − 2) · · · −y(N −D − 1) u(n + N − 1) · · · u(N − 1)


(15)

Ù¥ò´D ≥D(�.MA��g"
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3.9ÏCþ4í�{
XÚ��5�©�§�.

A(z−1)y(k) = B(z−1)u(k) + e(k) (16)

N�*ÿêâ����Ú���
©O�

θ̂ = [W T
NΦN ]−1W T

NYN (17)

PN = [W T
NΦN ]−1 (18)

#O��*ÿêâyN+1§K���


PN+1 =

[(
WN

wT
N+1

)T (
ΦN

ϕT
N+1

)]−1

=
[
P−1

N + wN+1ϕ
T
N+1

]−1
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4í�{Xeµ

θ̂N+1 = θ̂N + GN+1[yN+1 − ϕT
N+1θ̂N ] (19)

GN+1 =
PNwN+1

1 + ϕT
N+1PNwN+1

(20)

PN+1 =

[
I −

PNwN+1ϕ
T
N+1

1 + ϕT
N+1PNwN+1

]
PN (21)

Ù¥
ϕT

N =
[
−yN−1 · · · −yN−n uN−1 · · · uN−n

]
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9Ï�.�{
wT

N =
[
−xN−1 · · · −xN−n uN−1 · · · uN−n

]
xN = wT

N θ̂N
(22)

Ð�µP0 = α2I, α¿©�"

θ̂0 = 0, x0 = x−1 = · · · = x−n = 0

":µéP0�À�é¯a"

U?µ50*100:^4í���¦§2=\IV4í§K�J�Ð"
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5.8�'���¦{
�'–���¦{(Correlation–Least Square§COR–LS)́ �«^üÚ{�
OÑëê�.�ëê��E£�{"Äk^�'©Û{E£XÚ�óÀ
�A¼ê§(½Ñ�£XÚ��ëê�.§,�2A^���¦{ò�
ëê�.[Ü¤ëê�."

b�XÚ�Ñ\{u(k)}ÚÑÑ{y(k)}Ñ´��{²�²­�ÅS�"�*
ÿ�Ñ\ÑÑêâ�§Ò�±�OÑÙÑ\&Ò�g�'¼êRu(τ)ÚÑ
\ÑÑ&Ò�m�p�'¼êRuy(τ)

Ru(τ) = lim
N→∞

1
N

N−1∑
k=0

u(k − τ)u(k)

Ruy(τ) = lim
N→∞

1
N

N−1∑
k=0

u(k − τ)y(k)

(23)
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XJêâ�ÝNk�§�'¼ê�O�æ^ê�O�"|^ù
*ÿ
êâ§·��©O��ÑlÑ�g�'¼êR̂u(τ)ÚlÑ�p�'¼
êR̂uy(τ)�µ 

R̂u(τ) = 1
N

N−1∑
k=0

u(k − τ)u(k)

R̂uy(τ) = 1
N

N−1∑
k=0

u(k − τ)y(k)

(24)

§��m�'X�dWiener–Hopf�§5£ã§=

Ruy(τ) =
N−1∑
i=0

g(i)Ru(i− τ) (25)
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�âXÚ�Ñ\ÑÑêâ§XJ®²¦ÑØÓ�ò�e�Ru(τ)
ÚRuy(τ), τ = 1, 2, · · · , p.Kd�§ª(25)����|�ê�§"dd§
�¦)ÑØÓ��óÀ�A��

G = [g(1) g(1) · · · g(p)]T

ù´·�®0�L��'©Û{"

3�'–���¦{¥§·��2|^óÀ�AS�Ú5�OÑXÚ�ë
ê�."�XÚ�ëê�.��g�n��Å�©�§µ

y(k) = −a1y(k−1)−· · ·−any(k−n)+b0u(k)+b1u(k−1)+· · ·+bnu(k−n)+e(k)
(26)

b�Ñ\&Ò{u(k)}��ÅD(S�{e(k)}´Ø�'�"þªü>¦
±u(k − τ)§¿�Ï"�§��

Ruy(τ) = −a1Ruy(τ−1)−· · ·−anRuy(τ−n)+b0Ru(τ)+b1Ru(τ−1)+· · ·+bnRu(τ−n)
(27)

http://www.nudt.edu.cn


5.79ÏCþ{

5.8�'���¦{

5.9õ�ã���¦{

Home Page

Title Page

JJ II

J I

Page 15 of 34

Go Back

Full Screen

Close

Quit

þª�¤���¦�ª

R̂uy(τ) = ϕ̂T (τ)θ + e(τ) (28)

Ù¥e(τ)L«�'¼ê^éA��O��O�¤E¤�Ø�"�{
ϕ(τ) = [−R̂uy(τ − 1) · · · − R̂uy(τ − n) R̂u(τ) · · · Ru(τ − n)]T

θ = [a1 a2 · · · an b1 · · · bn]
T

-τ = 1, 2, · · · , N§K��Ý
�§

R̂uy,N = ΦNθ + EN (29)
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Ù¥ 

R̂uy,N = [R̂uy(1) R̂uy(2) · · · R̂uy(N)]T

EN = [e(1) e(2) · · · e(N)]T

ΦN =


ϕT (1)
ϕT (2)
· · ·

ϕT (N)


ù�Ò�^Ä�����¦{���'¨���¦{��O�θ̂COR−LS�

θ̂COR−LS = (ΦT
NΦN)−1ΦT

NR̂uy,N (30)

e¡±xD(&Ò½��Å� ª&Ò��XÚ�Ñ\ÿÁ&Ò§?Ø
XÛA^½�OÑXÚëê�.¥�ëê"
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1.xD(Ñ\&Ò
�Ñ\&Ò�xD(�§Ùg�'¼ê�

Ru(τ) =

{
σ2 τ = 0
0 τ 6= 0

(31)

ù�§Wiener–Hopf�§{z�

Ruy(τ) = g(τ)Ru(0) = σ2g(τ) (32)

ù�§�§ª�(27)��

g(τ) = −a1g(τ − 1)−· · ·−ang(τ −n)+
1

σ2 [b1Ru(τ − 1)+ · · ·+ bnRu(τ −n)]

(33)
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-τ = 1, 2, · · · , p, (p ≥ 2n).K���Xe/ª��þÝ
�§

G = Qθ (34)

Ù¥G = [g(1), g(1), · · · , g(p)]T§θ = [a1, · · · , an, b1, · · · , bn]
T .

Q =



0
−g(1) 0 In

...
−g(n− 1) −g(n− 2) . . . −g(1) 0
−g(n) −g(n− 1) −g(2) −g(1)

... 0(p−n)×n

−g(p− 1) −g(p− 2) . . . −g(p− n + 1) −g(p− n)


�â���¦ëê�O{§���XÚëê�.�ëê�Oþ�

θ = (QT Q)−1QT G (35)
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2.��Å� ªÑ\&Ò
���Å� ªÑ\&Ò�MS�&Ò§�âMS��g�'A5

Ru(τ) =

{
a2 τ = 0(mod Np)

− a2

Np
τ 6= 0(mod Np)

(36)

Ù¥a´MS��ÌÝ§Np´MS��±Ï"
-τ = 1, 2, · · · , p, (p ≥ 2n,Np � p)"K���Xe/ª��þÝ
�§

Ruy(1)
Ruy(2)

...
Ruy(n)

...
Ruy(p)

 =



−Ruy(0) −Ruy(−1) · · · −Ruy(1− n) a2 − a2

Np
. . . − a2

Np

−Ruy(1) −Ruy(0) −Ruy(2− n) − a2

Np
a2

... ... ... ... ...

−Ruy(n− 1) −Ruy(n− 2) −Ruy(0) − a2

Np
− a2

Np
. . . a2

... ...
−Ruy(p− 1) −Ruy(p− 2) · · · −Ruy(p− n) − a2

Np
− a2

Np
. . . − a2

Np





a1
a2
...

an

b1
...
bn


(37)
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½�¤
Ruy = Sθ (38)

�â���¦{§���.�ëê�Oþ�

θ = (ST S)−1ST Ruy (39)

þã�'–���¦{´��¢^��{"Ó�§��±�Ñ�A�4í
�{"
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3.4í�{(RCOR–LS)
�'¼ê��O�ª(24)�±U4í/ªO�{

R̂u,k(τ) = R̂u,k−1(τ) + 1
k [uk−τuk − R̂u,k−1(τ)]

R̂uy,k(τ) = R̂uy,k−1(τ) + 1
k [uk−τyk − R̂uy,k−1(τ)]

(40)

|^ª(40)òª(28)�¤

R̂uy,k(τ) = ϕ̂T
k (τ)θ + ek(τ) (41)

Ù¥

ϕ̂k(τ) = [−R̂uy,k(τ − 1) · · · − R̂uy,k(τ − n) R̂u,k(τ) · · · Ru,k(τ − n)]T (42)
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�â���¦4í�{§�±���'���¦{�4í�{({
¡RCOR–LS)Xe

θ̂k+1 = θ̂k + Gk+1[R̂uy,k(τ)− ϕ̂T
k+1(τ)θ̂k] (43)

Gk+1 =
Pkϕ̂k+1(τ)

1 + ϕ̂T
k+1(τ)Pkϕ̂k+1(τ)

(44)

Pk+1 = [I −Gk+1ϕ̂
T
k+1(τ)]Pk (45)

ª¥¤^�êâÑ´�'¼ê§I3O�k���ëê�O�θ̂k�c§k
Uª(40)O�k����'¼ê§â�dª(42)�E�þϕ̂k(τ)"e¡?Ø
,	�«4í�{/ª§§���|^Ñ\ÑÑêâ4íO�ëê�O
�§
ØI�kO��'¼ê"
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��τ = 1, 2, · · · , 2n�§�.ª(27)�¤���5�§|

E




uk−1
· · ·

uk−n

· · ·
uk−2n

 yk


= E




uk−1
· · ·

uk−n

· · ·
uk−2n

 [−yk−1, · · · ,−yk−n, uk−1, · · · , uk−n]

 θ

(46)

- {
ϕ∗k = [uk−1, · · · , uk−n, · · · , uk−2n]

T

ϕk = [−yk−1, · · · ,−yk−n, uk−1, · · · , uk−n]
T (47)

Kª(46)��¤
E{ϕ∗kyk} = E{ϕ∗kϕT

k }θ (48)
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duêâ´²­S�§�þª�Cq�

1

N

N∑
k=1

ϕ∗kyk =

[
1

N

N∑
k=1

ϕ∗kϕ
T
k

]
θ + eN (49)

½
Φ∗T

N YN = Φ∗T
N ΦNθ + eN (50)

Ù¥eN´ª(48)Cq¤ª(49)¤E¤�Ø�§�

YN = [y1, y2, · · · , yN ]T

ΦN =


ϕT

1
ϕT

2
· · ·
ϕT

N

 , Φ∗
N =


ϕ∗T1
ϕ∗T2
· · ·
ϕ∗TN


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�.ª(42)����¦)�

θ̂COR−LS = (Φ∗T
N ΦN)−1Φ∗T

N YN (51)

éA�4í�{�

θ̂k+1 = θ̂k + Gk+1[yk − ϕT
k+1θ̂k] (52)

Gk+1 =
Pkϕ

∗
k+1

1 + ϕT
k+1Pkϕ∗k+1

(53)

Pk+1 = [I −Gk+1ϕ
T
k+1]Pk (54)
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5.9õ�ã���¦{
e¡0�,�«)û�'í�¯K����¦{§õ�ã���¦{"
ù«�{rE,�E£¯K©¤3��ã5?n§
�z��ã�^�{
ü����¦{§��
2Â���¦{�S�L§§{z
O�§¿
��±��ëê���5Ã �O§O�°Ý'9ÏCþ{p"�´§
ù«�{��3X�2Â���¦{�aq�Âñ¯K"~^�õ�ã
���¦{k3«�{"
1.õ�ã���¦�{I
ù��{©�3��ã§©O´(½�XÚóÀ�AS�!�OXÚëê
Ú�OD(�.ëê"
(1)(½�XÚóÀ�AS�
�XÚ��©�§�

A(z−1)y(k) = B(z−1)u(k) + ξ(k) (55)

ª¥ {
A(z−1) = 1 + a1z

( − 1) + · · ·+ anz
−n

B(z−1) = b0 + b1z
( − 1) + · · ·+ bnz

−n
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ξ(k)�kÚD(§�L«�

ξ(k) =
1

C(z−1)
ε(k) (56)

ε(k)�xD(S�"
ξ(k)´dXÚÑ\þ�ÿþD(!ÑÑþ�ÿþD(ÚXÚSÜD(
¤Úå�"XJrξ(k)8(�dÑÑþÿþØ�ν(k)¤Úå�§K�¦
Ñξ(k)Úν(k)�m�'Xª"

ξ(k) = A(z−1)ν(k) (57)

Kª(55)�
A(z−1)y(k) = B(z−1)u(k) + A(z−1)ν(k) (58)

½

y(k) =
B(z−1)

A(z−1)
u(k) + ν(k) (59)
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�g(k)�B(z−1)
A(z−1)�óÀ�AS�§�-

x(k) =
B(z−1)

A(z−1)
u(k) (60)

b½XÚ´­½�§�^k�S�5%CóÀ�AS�g(k)"
�k�S��k = 0, 1, · · · , p§
pAv
�§p > 2n + 1"XÚÑ\ÑÑ
�'X�dlÑ/ª�òÈúª��

x(k) =

p∑
i=0

g(i)u(k − i) (61)

y(k) =

p∑
i=0

g(i)u(k − i) + ν(k) (62)
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�ν(k)�"þ��ÅD(§xÚ½kÚþ�§�ν(k)�u(k)Ø�'"�½
êâ�Ý�N + p�Ñ\ÑÑêâ:8§K��Ñ�þ�§

Y = UG + ν (63)

ª¥ 

Y = [y(p) y(p + 1) · · · y(p + N)]T

ν = [ν(p) ν(p + 1) · · · ν(p + N)]T

G = [g(0) g(1) · · · g(p)]T

U =


u(p) u(p− 1) . . . u(0)

u(p + 1) u(p) u(1)
... ... ...

u(p + N) u(p + N − 1) . . . u(N)


A^���¦{§������¦�O�

Ĝ = (UT U)−1UTY (64)

Ï�u(k)�ν(k)Ø�'§U�ν�´Ø�'�"duν�þ��"§�N →
∞�§Ĝ±VÇ1ªCuG§=Ĝ���5�O"���¹e§ν(k)´g�
'�§¤±ĜØ´4����"
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(2)�OXÚëê
^u(k)ÚĜ5�¤XÚý¢ÑÑx(k)���x̂(k)§=

x̂(k) =

p∑
i=0

ĝ(i)u(k − i) (65)

,�§|^�.
A(z−1)x(k) = B(z−1)u(k) (66)

5�OA(z−1)ÚB(z−1)¥����ëê"
rx̂(k)�\ª(66)�

A(z−1)x̂(k) = B(z−1)u(k) + η(k) (67)

ª¥η(k)´^x̂(k)�Oª(66)¥�x(k)�¤Úå�¢�Ø�"�Ñêâ�
Ý�N + n�Ñ\ÑÑêâ:8§���þ�§

X̂ = Φ̂θ + η (68)
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ª¥

X = [x̂(n + 1) x̂(n + 2) · · · x̂(n + N)]T

η = [η(n + 1) η(n + 2) · · · η(n + N)]T

θ = [a1 a2 · · · an b0 b1 · · · bn]
T

Φ =


−x̂(n) · · · −x̂(1) u(n + 1) · · · u(1)

−x̂(n + 1) · · · −x̂(2) u(n + 2) u(2)
... ... ... ...

−x̂(n + N − 1) · · · −x̂(N) u(n + N) · · · u(N)


θ����¦�O��

θ̂ = (Φ̂T Φ̂)−1Φ̂T X̂ (69)

�N → ∞�§Ĝ, X̂Úη©O±VÇ1ªCuG, XÚ0§Ïdθ̂±VÇ1ªC
uθ§θ̂´��Ã �O"
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(3)�OD(�.ëê
�D(�.�

C(z−1)ξ(k) = ε(k) (70)

|^®�����θ̂O�í�ξ̂(k)

ξ̂(k) = y(k) +
n∑

i=1

âiy(k − i)−
n∑

i=0

b̂iu(k − i) (71)

±ξ̂(k)�Oª(70)¥�ξ(k)§�

C(z−1)ξ̂(k) = ε(k) + ζ(k) (72)

ª¥ζ(k)´du3�.¥^ξ̂(k)�Oξ(k)¤�)�¢�Ø�"
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dª(72)��D(�.ëêC����¦�O�

Ĉ = (VT V)−1VT Ê (73)

ª¥ 

Ê = [ξ̂(m + 1) ξ̂(m + 2) · · · ξ̂(m + N)]T

C = [ĉ1 ĉ2 · · · ĉn]
T

V =


−ξ̂(m) −ξ̂(m− 1) · · · −ξ̂(1)

−ξ̂(m + 1) −ξ̂(m) · · · −ξ̂(2)
... ... ...

−ξ̂(m + N − 1) −ξ̂(m + N − 2) · · · −ξ̂(N)


�N → ∞�§θ̂, ξ̂Úζ©O±VÇ1ªCuθ, ξÚ0§ÏdĈ±VÇ1ªC
uC§Ĉ´��Ã �O"
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2.õ�ã���¦�{II
ù��{�11�ã/(½�XÚóÀ�AS�0Ú13�ã/�OD(
�.ëê0Ñ��{I�Ó§�k12�ã/�OXÚëê0��{IØ
Ó"
�OXÚëêæ^�´�'–���¦�{"

3.õ�ã���¦�{III
ù«�{�3��ãÑ�c¡2«�{ØÓ§§Ø´O�XÚ�.�óÀ
�AS�§
´æ^��*Ð��©�§§3[ÜXÚ�Ñ\ÑÑê
â�§rí�C¤Ø�'§A^���¦{E£ù�*ÐXÚ§,�3
12Ú13�ã2�O�XÚëêÚD(�.ëê"
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