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2Â���¦{(Generalized Least Squares,GLS)�Ä�g�3uéêâk
?1�gxzÈÅ?n§,�|^Ä�����¦{éÈÅ��êâ?
1E£"XÈÅ�.À�Ü·§éêâ?1
�Ð�xz?n§K��
|^Ä�����¦{ÒU��Ã ���O"¤^�ÈÅ�.¢Sþ
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�SISOXÚ�êÆ�.�

A(z−1)y(k) = B(z−1)u(k) + e(k) (1)

b½{e(k)}�äkknÌ�Ý�²­�ÅS�§é{e(k)}o�±L«��
�±xD(S�{ε(k)}�Ñ\��5XÚ�ÑÑ§�=§÷vg£8�
."

C(z−1)e(k) = ε(k) (2)

Ù¥
C(z−1) = 1 + c1z

−1 + . . . + cmz−m

eb½�.��gn, m®²(½§Kùa¯K�E£�^2Â���¦
{§±B¼�Ã ���O"
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- {
yf(k) = C(z−1)y(k)
uf(k) = C(z−1)u(k)

(3)

©O�xz?n��ÑÑÚxz?n��Ñ\"
Kª(1)���

A(z−1)yf(k) = B(z−1)uf(k) + e(k) (4)

þª�Ä����¦{��.´���§eC(z−1)®�§ù���O

ÑâiÚb̂i"eC(z−1)��§Ï~^/tµ�{05�Oëê"
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1.2Â���¦{(GLS)�tµ�{
(1) kß��C(z−1)�§=�C(z−1) = 1§|^Ä�����¦{é
ª(4)¥�A(z−1)ÚB(z−1)?1�O§��Â(z−1)ÚB̂(z−1)¶
(2)|^ª(1)O�e(k),

e(k) = Â(z−1)y(k) − B̂(z−1)u(k) (5)

(3)|^ª(2)O�C(z−1),

C(z−1)e(k) = ε(k) (6)

=d���¦{�Oĉ1, · · · , ĉm.
(4)|^C(z−1)�O�yf(k)Úuf(k)§ÏLª(4)O�A(z−1)ÚB(z−1)#�

�O�Â(z−1)ÚB̂(z−1)¶
(5)­EÚ½(2)§���O�°Ý÷v�¦��"
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¤¢°Ý÷v�¦§�±we�Ø�ª´Ä÷vµ

max
i

∣∣∣∣∣ θ̂i(k + 1) − θ̂i(k)

θ̂i(k + 1)

∣∣∣∣∣ < ε (7)

ª¥θ̂i(k + 1)�ëê�þθ�1i���3k + 1gS�O�(J"ε��½
�L«°Ý�¦�,��ê"

2Â���¦{Ò´�âþãL§§�E�OD(�.ëêC(z−1)�X
Ú�.ëêA(z−1), B(z−1)��«S��{"2Â���¦{�Âñ�Ý
´'�ú�§I�²LõgS�O�§âU���O(�ëê�O�"
���¹e§²LõgS��§�O�B¬Âñ�­��"�3,
�
¹e(X&D'�$�)�3ÛÜ4��§�O�Ø�½Âñ�OK¼ê�
�Û4��þ"
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2.4í�{(RGLS)
�
?13�E£§�æ^4í2Â���¦{"
�c����Ñ�XÚ�.ëê�O�θ̂k§D(�.ëê�O�ĉk(�A
��fõ�ª�Ĉk(z

−1)§ĉk = [ĉk(1) ĉk(2) · · · ĉk(m)]T )§y��æ�êâ
�yk+1, uk+1"K�g4íL§�Ú½Xe
(1)é#êâ?1ÈÅ§={

y
(f)
k+1 = Ck(z

−1)yk+1

u
(f)
k+1 = Ck(z

−1)uk+1
(8)

¿�¤ÈÅ��Ñ\ÑÑêâ�þ

ϕ
(f)
k+1 = [y

(f)
k · · · y

(f)
k−n+1 u

(f)
k · · · u

(f)
k−n+1]

T
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(2)éÈÅ��Ñ\ÑÑêâ�RLS�O§?�XÚ�.ëê§O�úª
�

θ̂k+1 = θ̂k + G
(f)
k+1[y

(f)
k+1 − ϕ

(f)T
k+1 θ̂k] (9)

G
(f)
k+1 =

P
(f)
k ϕ

(f)
k+1

1 + ϕ
(f)T
k+1 P

(f)
k ϕ

(f)
k+1

(10)

P
(f)
k+1 = [I − G

(f)
k+1ϕ

(f)
k+1]P

(f)
k (11)

(3)d#���θ̂k+1O�Ñ#�í��O�

êk+1 = yk+1 − ϕk+1θ̂k+1 (12)

ª¥
ϕk+1 = [yk · · · yk−n+1 uk · · · uk−n+1]

T
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?
�¤í�êâ�þ

ϕ
(e)
k+1 = [−êk − êk−1 · · · − êk−m+1]

T

(4)é#í�êâ�RLS�{�O§?�D(�.ëêĉk§�{�

ĉk+1 = ĉk + G
(e)
k+1[êk+1 − ϕ

(e)T
k+1 ĉk] (13)

G
(e)
k+1 =

P
(e)
k ϕ

(e)
k+1

1 + ϕ
(e)T
k+1P

(e)
k ϕ

(e)
k+1

(14)

P
(e)
k+1 = [I − G

(e)
k+1ϕ

(e)
k+1]P

(e)
k (15)
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�AO5¿ϕ
(f)
k+1�ϕk+1, ϕ

(e)
k+1�«O"z�g4íL§Ñ�)ügRLS�

O�§ÏLÈÅO�Úí�O�ò§�éXå5"

4íL§�Ð�ÚÊÅ^�§�ëì��RLS�{"�
��ëê�O
�Âñ�ÛÜ4��§�ÐÀ½Ð��C�`)§���^���¦{
�1?n�O���Ð�"XJXÚ´�C�§½�
�Ñêâ�Úy
�§�3ügRLS�{¥©OÚ?¢#Ïf"
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5.6O2���¦{
O2���¦{(Extended Least Squares, ELS)´���¦{��«{üí
2§§�´*¿
ëê�þθÚêâ�þϕ(k)��ê§3E£L§¥Ó�
�Ä
D(�.�ëê"
�SISOXÚæ^�êÆ�.�

A(z−1)y(k) = B(z−1)u(k) + D(z−1)ε(k) (16)

ª¥D(z−1) = 1 + d1z
−1 + . . . + dmz−m.

D(e(k)�MA�.§¡{ε(k)}�#ES�"=3�½�ÑÑS
�{y(k)}ÚÑ\S�{u(k)}�^�e§ε(k)�^�þ��"§räkù
«5���ÅS�¡�#ES�"
XJ{ε(k)}´�þÿ�§K�.ª(16)���

y(k) = ϕT
k θ + ε(k) (17)

Ù¥

ϕk = [−y(k − 1) · · · − y(k − n) u(k − 1) · · · u(k − n) ε(k − 1) · · · ε(k − m)]T

θ = [a1 a2 · · · an b0 b1 · · · bn d1 · · · dm]T
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ù�§ª(17)�^���¦{¦ëê��Oþ"�´§ª¥ϕk�©
þε(k − 1), ε(k − 2), · · · ´���"�
�Ñù�(J§��ég,�
�{´^ε̂(k)�Oε(k)§/ÏuL�®��ëê�Oþθ̂k−15O�ÑØ�
�Oε̂(k)§=

ε̂(k) = y(k) − ϕ̂k
T θ̂k−1 (18)

Ù¥

ϕ̂k = [−y(k − 1) · · · − y(k − n) u(k − 1) · · · u(k − n) ε̂(k − 1) · · · ε̂(k − m)]T

ù�§�æ^S��{"

S�Ð�§�ε̂(k − 1) = · · · = ε̂(k − m) = 0"
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±þ0�
ELS�{"Uì4í���¦{úª�í��{§���X
e�4íO2���¦{(RELS)�{"

θ̂k+1 = θ̂k + Gk+1[yk+1 − ϕ̂T
k+1θ̂k] (19)

Gk+1 =
Pkϕ̂k+1

1 + ϕ̂T
k+1Pkϕ̂k+1

(20)

Pk+1 = [I − Gk+1ϕ̂k+1]Pk (21)

��§4íO2���¦{��{�RLS�/ª´���§�´ëê�
þθ�êâ�þϕk��ê*¿
m�"
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O2���¦{��O°Ý�'2Â���¦{$�
§����¹e
äk��Ã 5§��{{ü§Ï
3¢S¥��
2��A^"e¡
�Ñ�¢#Ïf�RELS�{"

Gk+1 =
Pkϕ̂k+1

ρ + ϕ̂T
k+1Pkϕ̂k+1

(22)

θ̂k+1 = θ̂k + Gk+1[yk+1 − ϕ̂T
k+1θ̂k] (23)

Pk+1 =
1

ρ
[I − Gk+1ϕ̂k+1]Pk (24)

ε̂k+1 = yk+1 − ϕ̂k+1θ̂k+1 (25)
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ùpÞ��A^RELS�{?1ëê�O��ý~f§¿�RLS�{�(
J�'�"
~5.1 �ÄXã5.1¤«��ýé�"

ã¥ε(k)´þ��0§���1���©ÙCqxD(S�§dO�Å�
Åê�)"u(k)�Ñ\S�§æ^mS�§ÌÝ�2"D(rÝXê�
�0.9§�.(�À^Xe/ª

y(k) + a1y(k − 1) + a2y(k − 2) = b1u(k − 1) + b2u(k − 2)
+ε(k) + d1ε(k − 1)

Ð©^��P0 = 104I, θ̂0 = 10−3"|^RELS�RLS�{�OÑ�ëêX
L¤«"��§3e(k) = ε(k) − 0.8ε(k − 1)�kÚD(�¹e§RELS�
{��O�'RLS�{��O°Ýk¤Jp"
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L5.1 ØÓD(�.eRLSÚRELS�{�E£(J

ëê a1 a2 b1 b2 d1

ý� −1.5 0.7 1.0 0.5 0

xD( RLS −1.4996 0.6955 0.9975 0.5020

RELS −1.4978 0.6945 0.9977 0.5028 0.0109

ý� −1.5 0.7 1.0 0.5 −0.8

kÚD( RLS −1.4666 0.6716 0.9599 0.5526

RELS −1.5148 0.7136 0.9766 0.4872 −0.8807

�ëê�O�34íL§¥�Âñ�¹Xã5.2¤«"�±wÑ§�ëê
�O�3150Ú�m®Âñ"
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~5.1�
§Sexample51.m�

clear all; hold off; N=1000;
U = idinput(N,’prbs’,[0 1])*2; %Ñ\��Å&Ò
E = NORMRND(0,0.9,N,1); %�ÅD(
ek=zeros(N, 1); y=zeros(N, 1); %CþÐ©z
for i=3:N

ek(i)=[E(i) ek(i-1)]*[1 -0.8]’; %�[*ÿD(
y(i)=[-y(i-1) -y(i-2) U(i-1) U(i-2)]*[-1.5 0.7 1.0 0.5]’+ek(i); %�[*ÿ�

end
z=iddata(y, U); %Ñ\ÑÑêâ|
Thita=rels(z, 2, 2, 2); %N^rels¼ê
x=1:N; plot(x,Thita(1,x),’r’); %�ãw«ëê4í�
hold on; plot(x,Thita(2,x),’r’);
plot(x,Thita(3,x),’b’); plot(x,Thita(4,x),’b’);
plot(x,Thita(5,x),’g’); hold off;
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^rmu�O2���¦{¼êrels.m�
§S�

function thita=rels(z, na, nb, nc)
%^O2Ý
{�Oëê· · · %¼ê�5ºN
if isa(z,’iddata’) %Ñ\ÑÑêâ

y = pvget(z,’OutputData’);
u = pvget(z,’InputData’); z = [y1,u1];

end
[nz, ns]=size(z); nn=na+nb+nc; %êâ�ê��g
thitak=ones(nn,1)*0.001; %�½Ð©^�
thita=zeros(nn,nz);
p1=eye(nn,nn)*(1.0e6); p2=zeros(nn,nn);
K=zeros(nn,1); e=zeros(nz,1); I=eye(nn,nn);
for i=na+1:nz

Q=[[-z(i-1:-1:i-na, 1)]’,[z(i-1:-1:i-nb, 2)]’,[e(i-1:-1:i-nc, 1)]’]; %êâ�þ
K=p1*Q’/(Q*p1*Q’+1); %OÃÏf
p2=(I-K*Q)*p1; %���

thita(:,i)=thitak+K*(z(i,1)-Q*thitak); %ëê�O�
p1=p2;
thitak=thita(:,i);
e(i)=z(i,1)-Q*thitak; %ý�Ø�

end
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�æ^4�_­EmS���Ñ\S�§RELS�{¥¢#Ïf�0.99§�
ì�~�Ñ�
§S?1�ý"
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