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5.1���¦�O
��ØCSISOÄ�XÚ�êÆ�.�

A(z−1)y(k) = B(z−1)u(k) + e(k) (1)

Ù¥ {
A(z−1) = 1 + a1z

−1 + . . . + anz
−n

B(z−1) = b0 + b1z
−1 + . . . + bnz

−n

�.U��

y(k) = −a1y(k−1)−· · ·−any(k−n)+b0u(k)+b1u(k−1)+· · ·+bnu(k−n)+e(k)
(2)

®�XÚ�Ñ\ÚÑÑS�{u(k)}, {y(k)}§¦ëêai, bi, i = 0 ∼ n��O
�"
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5.1���¦�O
��ØCSISOÄ�XÚ�êÆ�.�

A(z−1)y(k) = B(z−1)u(k) + e(k) (1)

Ù¥ {
A(z−1) = 1 + a1z

−1 + . . . + anz
−n

B(z−1) = b0 + b1z
−1 + . . . + bnz

−n

�.U��

y(k) = −a1y(k−1)−· · ·−any(k−n)+b0u(k)+b1u(k−1)+· · ·+bnu(k−n)+e(k)
(2)

®�XÚ�Ñ\ÚÑÑS�{u(k)}, {y(k)}§¦ëêai, bi, i = 0 ∼ n��O
�"
ò�.ª(1)�¤���¦�ª

y(k) = ϕT (k)θ + e(k) (3)

Ù¥ {
ϕ(k) = [−y(k − 1) · · · − y(k − n) u(k − 1) · · · u(k − n)]T

θ = [a1 a2 · · · an b0 b1 · · · bn]
T
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-k = n + 1, · · · , n + N§�Ng*ÿ"P

Y =
[

y(n + 1) y(n + 2) · · · y(n + N)
]T

e =
[

e(n + 1) e(n + 2) · · · e(n + N)
]T

Φ =


−y(n) · · · −y(1) u(n + 1) · · · u(1)

−y(n + 1) · · · −y(2) u(n + 2) · · · u(2)
... ...

−y(n + N − 1) · · · −y(N) u(n + N) · · · u(N)


���þ/ª��5�§|

Y = Φθ + e (4)

½P�
YN = ΦNθ + eN (5)
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éu�.ª(3)�E£¯K§Ù¥y(k)Úϕ(k)Ñ´�*ÿ�êâ§θ´��
O�ëê"Ú\���¦OK

J =
N∑

k=n

ê2(k) (6)

Ù¥

ê(k) = y(k)+â1y(k−1)+· · ·+âny(k−n)−b̂0u(k)−b̂1u(k−1)−· · ·−b̂nu(k−n)
(7)

ê(k)¡�í�(residual)½�§Ø�§�´���ÅL§"dª(7)�

ê(k) = y(k)− ϕT (k)θ̂ = ϕT (k)θ + e(k)− ϕT (k)θ̂

= ϕT (k)(θ − θ̂) + e(k)
(8)

��§í�ê(k)�¹ü�Ø�Ï�§�´ëê�OØ��5�[ÜØ
�§�´�ÅD(�5�Ø�"
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ª(6)��I¼êJ=í��²�Ú"���¦�O´3í��¦�OK
¼ê4�¿Âe��`�O§=UìOK¼ê

J = êT ê = (Y − Φθ̂)T (Y − Φθ̂) = min (9)

5(½�O�θ̂"¦Jéθ̂� �ê¿-Ù�u0§��

∂J

∂θ̂
=

∂

∂θ̂
(Y − Φθ̂)T (Y − Φθ̂) = −ΦT (Y − Φθ̂)− ΦT (Y − θ̂) = 0 (10)

=
ΦTΦθ̂ = ΦTY (11)

þª¡��K�§"�ΦTΦ��ÛÉ§=Φ�÷��§k

θ̂LS = (ΦTΦ)−1ΦTY (12)

ù��θ̂LS{¡���¦�O�§éA��{�����¦{"
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3í����¦{�(J�§¿vk�ÄD(e(k)�ÚOA5"�3µ
d���¦�O�5��§K7Lb�D(e(k)´Ø�'�§
�´Ó
©Ù��ÅCþ"�=b�{e(k)}´xD(S�§=

E{eN} = 0, Cov{eN} = σ2
e · IN×N

D(�þ����
�

Cov{eN} = E{eN ·eT
N} =


E{e2(1)} E{e(1)e(2)} · · · E{e(1)e(N)}

E{e(1)e(2)} E{e2(2)} · · · E{e(2)e(N)}
...

E{e(1)e(N)} E{e(2)e(N)} · · · E{e2(N)}


XJOK¼ê��\�¼ê§=

J =
N∑

k=n

w(k)[y(k)− ϕT (k)θ]2

= êTWê

(13)

Ù¥w(k)¡�\�Ïf§é¤k�k§w(k)Ñ7L´�ê"
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ÏL4�zª(13)O�θ̂WLS��{¡�\����¦{§éA�θ̂WLS¡
�\����¦�O�"\����¦�O�)�

θ̂WLS = (ΦTWΦ)−1ΦTWY (14)

W´�é¡�½
"e�W = I§Kθ̂WLS = θ̂LS"¤±§���¦{´
\����¦{��«A~"

�¼��1êâ��§|^ª(12)½ª(14)��g¦��A�ëê�O
�§ù�?n¯K��{Ò¡��g�¤�{½1?n�{"§3nØ
ïÄ�¡kNõ�B�?§�3O��¡�-�Ý
¦_�(J"�Ý

��êO\�§Ý
¦_$��O�þò:ìO\§ù¬�O��Ý
Ú�;�5Kú"�^pd��{��)�K�§ª(11)§±B�¯/¦
�ëê�O�"�´§�¢^��{�´�{rª(14)z�4íO��
/ª§±Bu3�E£§
���~�
êâ��;",	§�g�¤
�{�¦ΦTWΦ7L´�KÝ
§=�_�§Ù¿©7�^�´L§�
Ñ\&Ò7L´2n�±Y-y&Ò"
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5.2���¦�O�ÚO5�
duΦÚYþäk�Å5§�θ̂WLS½θ̂LS½´�Å�þ§�d§I�ïÄ
§��ÚO5�"��µd���O�{�Ð�§�Ì�lÃ 5!k
�5!��5��¡?1§l
�Ï(@T�{�¢^d�"
1.Ã 5
Ã 5´^5ïþ�O�´Ä�7ý�ÅÄ§´�O����­�ÚO
5�"���Oþθ̂¡�Ã �O§K§�êÆÏ"�uëê�ý�"=

E[θ̂] = θ (15)

Ù¥θL«ëê�ý¢�"
�.ª(4)ëêθ����¦�O��

θ̂LS = (ΦTΦ)−1ΦTY (16)
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5.2���¦�O�ÚO5�
duΦÚYþäk�Å5§�θ̂WLS½θ̂LS½´�Å�þ§�d§I�ïÄ
§��ÚO5�"��µd���O�{�Ð�§�Ì�lÃ 5!k
�5!��5��¡?1§l
�Ï(@T�{�¢^d�"
1.Ã 5
Ã 5´^5ïþ�O�´Ä�7ý�ÅÄ§´�O����­�ÚO
5�"���Oþθ̂¡�Ã �O§K§�êÆÏ"�uëê�ý�"=

E[θ̂] = θ (15)

Ù¥θL«ëê�ý¢�"
�.ª(4)ëêθ����¦�O��

θ̂LS = (ΦTΦ)−1ΦTY (16)

ÙêÆÏ"�
E[θ̂LS] = [(ΦTΦ)−1ΦT (Φθ + e)]

= θ + E[(ΦTΦ)−1ΦTe]
(17)
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½n5.1 XJ�.ª(4)D(�þe�þ��"§�ÚΦ´ÚOÕá�§K
\����¦�O�θ̂WLS´Ã �Oþ§=E{θ̂WLS} = θ"
y²µ
�âª(4)9½n5.1¤��^�§ëê�Oþθ̂WLS�êÆÏ"�

E[θ̂WLS] = [(ΦTWΦ)−1ΦTW (Φθ + e)]
= θ + E[(ΦTWΦ)−1ΦTWe]

(18)

Φ�eÚOÕá§K

E[(ΦTWΦ)−1ΦTWe] = E[(ΦTWΦ)−1ΦTW ] · E[e] = 0 (19)

E[θ̂WLS] = θ (20)

¤±θ̂WLS´Ã �Oþ"
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½n5.1¤��^�´θ̂WLS�Ã �Oþ�¿©^�§¿Ø´7�^�"
Ù7�^�´

E[(ΦTWΦ)−1ΦTWe] = 0 (21)

=(ΦTWΦ)−1ΦTW�D(�þe��"

�½n5.1�^�ØU÷v�§�±¼��«Ã �Oþ§=ÀJ\�

W§¦ª(21)���^�÷v"

��XJ{e(k)}´"þ�xD(S�§=

E{e(k)} = 0, E{e(k)e(j)} =

{
σ2 k = j
0 k 6= j

Kθ̂WLS�Ã �Oþ"
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2.k�5(Efficiency)
éu�«Ã �O§���{¡�´k��§Ò´?ÛÙ¦�«�{¤
���ëê�þ�O����Ñ'k��{��"
���¦�O�θ̂LS����
�

Covθ̂LS = E{(θ̂LS − θ)(θ̂LS − θ)T}
= E{[(ΦTΦ)−1ΦTe][eT (Φ(ΦTΦ)−1]}
= (ΦTΦ)−1ΦTE[eeT ]Φ(ΦTΦ)−1

(22)

ª¥E[eeT ] = R �D(�þ���Ý
"éu\����¦�O

�θ̂WLS§���
�

Covθ̂WLS = (ΦTWΦ)−1ΦTWRW TΦ(ΦTWΦ)−1 (23)
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½n5.2 �\�
��D(��
�_§=W = R−1�§\����¦
�O�θ̂WLS ´��Ø����O"
y²µ
eW = R−1§�O�θ̂WLSP�θ̂MV§

θ̂MV = (ΦTR−1Φ)−1ΦTR−1Y (24)

d�����
P�Covθ̂MV§K

Covθ̂MV = Covθ̂WLS = (ΦTR−1Φ)−1 (25)

�y²�����O§=y²Covθ̂WLS ≥ Covθ̂MV"
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½Â
LWLS = (ΦTWΦ)−1ΦTW, LMV = (ΦTR−1Φ)−1ΦTR−1

K
Covθ̂WLS = LWLSRLT

WLS, Covθ̂MV = LMV RLT
MV



LWLSRLT

MV = (ΦTWΦ)−1ΦTW ·R ·R−1Φ(ΦTR−1Φ)−1

= (ΦTR−1Φ)−1 = Covθ̂MV

Covθ̂WLS − Covθ̂MV = Covθ̂WLS − Covθ̂MV − Covθ̂MV + Covθ̂MV

= LWLSRLT
WLS − LWLSRLT

MV − LMV RLT
WLS − LMV RLT

MV

= (LWLS − LMV )R(LWLS − LMV )T ≥ 0

ùÒy²
Covθ̂MV = (ΦTR−1Φ)−1 = min§¤±�\�
��D(��


�_§=W = R−1�§�O�θ̂MV´�����O"�����O�
¡�Markov�O"Markov�O´\����¦�O��«A~"
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�D(�þ´ÕáÓ©Ù(i.i.d)�§={e(k)}´xD(�§R = σ2I"K

θ̂WLS
W=I
=⇒ θ̂LS = θ̂MV (26)


�§θ̂LS´ìCÃ �"¤±§3{e(k)}�xD(S��§���¦�
Oθ̂LS�k��O"
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3.��5(Consistancy)
XJ�O�äk��5§`²§ò±VÇ1Âñuý�§=

lim
N→∞

P{|θ̂ − θ| < ε} = 1 (27)

½P�
lim

N→∞
θ̂ = θ, w.p.1 (28)

ÎÒ/w.p.10�/with probability 10(�VÇ1)� �"
½n5.3 XJ�.ª(5)�eN´"þ�xD(S�§K���¦�O
�θ̂LS´θ����O"
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y²µ
lim

N→∞
Cov{θ̂LS} = lim

N→∞
σ2

n · E{(ΦT
NΦN)−1}

= lim
N→∞

σ2
n

N · E{( 1
N ΦT

NΦN)−1}
(29)

1

N
ΦT

NΦN =
1

N

N∑
k=1

ϕ(k)ϕT (k)
N→∞
=⇒ E{ϕ(k)ϕT (k)} (30)

ª¥§ 1
N ΦT

NΦNò�VÇ1Âñu���½
§�σ2
N´k.�§Ï


 lim
N→∞

Cov{θ̂LS} = 0"

qÏ�E{θ̂LS} = θ§�

lim
N→∞

θ̂LS = θ, w.p.1 (31)

�D(eN´xD(�§���¦ëê�O�´��Âñ�"I�AO�
Ñ�´§�k�eN´xD(�§���¦�O�â´��Âñ�"
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4.ìC��5
½n5.4 �eN´"þ�xD(§��eNÑl��©Ù§K���¦ëê
�O�θ̂LSÑl��©Ù§=

θ̂LS ∼ N(θ, σ2 · E{(ΦT
NΦN)−1}) (32)

y²µ
�âYN = ΦNθ + eN §9eN ∼ N(0, σ2 · IN×N)§��

YN ∼ N(E{ΦNθ}, σ2 · I) (33)

d
θ̂LS = (ΦT

NΦN)−1ΦT
NY (34)

��θ̂LS´Y��5¼ê§Kk

θ̂LS ∼ N(E{θ̂LS}, Cov{θ̂LS}) (35)

http://www.nudt.edu.cn


5.1���¦�O

5.2���¦�O�Ú . . .

2. k�5

3. ��5

4. ìC��5

Home Page

Title Page

JJ II

J I

Page 20 of 20

Go Back

Full Screen

Close

Quit

=
θ̂LS ∼ N(θ, σ2 · E{(ΦT

NΦN)−1}) (36)

nþ¤ã§3{e(k)}�xD(S��§���¦�Oθ̂LSäkÃ 5!
k�5�ìC��5"���¹e§XÚ2Â£8�.¥�D(
�{e(k)}´kÚD(S�§¤±���¦�Oθ̂LS´k !����O"
�Ï���¦{��{{ü§3�.°Ý�¦Øp�|Ü��
ÊH�
A^"
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